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Ski-Rental Problem

+0 +0 =Y = min{n, 2y}
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Ski-Rental Problem
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Online Optimization - Semantics

An online algorithm is one that receives a sequence of requests and, performs an imme-
diate action in response to each request. Each sequence of requests and corresponding
actions has an associated cost. Richard M. Karp, 1992
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Online Optimization - Semantics

Optimization Problem
» requests r; € R
» actionsa;: X — X c A
» costs ¢; : R™T x A™ x A — N
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Online Optimization - Semantics

Optimization Problem
» requests r; € R ...!
» actionsa;: X — X c A
» costs ¢; : R x Am x A - N ...

-« Fem—1 +Cm =min) ¢

Next Action fm<": R™*1 x g™ — 24
> specifies algorithm Alg : R — 24"

Competitive Ratio

» compares total costs ¢ : R™ x 24" — N (R, A) > minca > c(R,ap - Qm—1,am)

m<n
» of two algorithms via the competitive ratio D := sup pern %
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Ski-Rental Problem

Optimization Problem
» actions A = {rent, buy,none}

)
» costs Crent — 1, Cbuy = Y, Cnone = [3 - 1 ...
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Ski-Rental Problem

Optimization Problem
» actions A = {rent, buy,none}

)
» costs Crent — 1, Cbuy = Y, Cnone = [3 - 1 ...

Next Action f™<m: R™t1 x g™ — 2A
» specifies algorithm On : R™ — 24"
R+ {(rent,...,rent,buy,none,...)}

buy

= min{n, 2y}

Competitive Ratio

» compares total costs ¢ = min{n, 2y}

min{n,2y}

» of two algorithms via the competitive ratio D := Suppegn —, )
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Weighted Programming wGCL

C —- x=F | Ch 8 Oy | Gw
| if (p) {Ci}else{Cy} | while(p){Ci} | {Ci}@{C2},

where x € Vars, F is an arithmetic expression, and [w] € S
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Weighted Programming wGCL

C —- x=F | Ch 8 Oy | Gw
| if (p) {Ci}else{Cy} | while(p){Ci} | {Ci}@{C2},

where x € Vars, F is an arithmetic expression, and [w] € S

Semiring S = (S, ®, ®, 0, I) satisfies
> (S,®,0) is a commutative monoid, (S, ®, ) is a monoid,
» multiplication ® distributes over addition @, and
P> ¢ annihilates every element, more concretely a © 0 =0 ® a = 9.

» No inverse elements!

An example is the tropical semiring (N°°, min, +, 00, 0).
Omitted: w-complete partial order, w-continuity
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Reasoning about Competitive Ratio

problem-specific proofs by hand

Al ?
D= sup (R, g/(R,e)) _
ReR™ C(R, Alg (R: 6)) ReRr® !

framework for semi-automatic verification
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Weakest Preweightings Semantics

Calculus to prove properties of weighted programs:

{ wp[Prog](w) } Prog { w }
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Weakest Preweightings Semantics

Calculus to prove properties of weighted programs:

{ wp[Prog](w) } Prog { w }

S=(5,®,0,0,1): wp[Ow]()) =w
(N, min, +,00,0) : wp[®©y](0) =y
3

wp[s:=0¢ ®[s=1]-0](0) = o0

» parametrized over semiring S

undecidable in general

» semi-automatic verification tools (like Caesar) exist for some instances of weighted
programming (e.g. for the probabilistic and the tropical semiring)

v
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Ski-Rental Problem

Optimization Problem Off = while (m < n) {
» requests R = {ski}
» actions
A = {rent, buy, none}
P costs Crent = 1, Couy = ¥, m:==m+1
Cnone = [s=1]-0 }
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Ski-Rental Problem

Optimization Problem

>
>

requests R = {ski}
actions

A = {rent, buy,none}
COStS Crent = 1, Couy = ¥,
Cnone = [5 = 1] -0

Off = while (m < n) {
if (true) — {
@ (true) — {
@ (true) —{

m:=m+1
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Ski-Rental Problem

Optimization Problem Off = while (m < n) {

» requests R = {ski} if (true) > { © 13 }
» actions @ (true) = { Oy 3 }
A = {rent, buy,none} @ (true) > { ©[s=1]-0¢ }
P costs Crent = 1, Couy = ¥, m:=m+1
Cnone = [s=1]-0 }
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Ski-Rental Problem

Optimization Problem
» requests R = {ski}
» actions
A = {rent, buy, none}

» Costs Crent = 1, Couy = ¥,
Cnone = [5 = 1] -0

Next Action
fosnRmAL s A™ oA

» specifies algorithm
On:R"™ — 24" Ry

{(rent,...,rent,buy,none,...

Off = while (m < n) {

if (true) - { ®1 ¢ skip}
@ (true) > { Oy s s:=1}

@ (true) > { ®[s=1]-03 skip}

m:=m+1

10 Online Optimization, Emma Ahrens

RWTHAACHEN
UNIVERSITY
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Ski-Rental Problem

Optimization Problem
» requests R = {ski}

» actions
A = {rent, buy, none}

» Costs Crent = 1, Couy = ¥,

Off = while (m < n) {

if (true) - { ®1 ¢ skip}
@ (true) > { Oy s s:=1}

@ (true) > { ®[s=1]-03 skip}

m:=m+1

Cnone = [s = 1]+ 0 }
Next Action On = while (m <n) {
fm<n:Rm+1><Am_>2.A if( )—>{
» specifies algorithm @ ( ) = {
On:R" — 24" R e(  )—=A }
{(rent,...,rent,buy,none,...)} me=m+1
}
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Ski-Rental Problem

Optimization Problem
» requests R = {ski}
» actions
A = {rent, buy, none}
P costs Crent = 1, Couy = ¥,
Cnone = [s=1]-0

Next Action
fr<n s R A 5 24
» specifies algorithm
On:R"™ — 24" Ry

{(rent,...,rent, buy,none,..

)}

Off = while (m < n) {
if (true) - { ®1 ¢ skip}
@ (true) > { Oy s s:=1}
@ (true) > { ®[s=1]-03 skip}
m:=m-+1

}

On =while (m <n){
if ( )—>{©®1lgskipgc=c+1}
&( )o{oyss=l3c=cil)
® ( )= { ®[s=1]-0 3 skip 3 skip}

m:=m+1
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}
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Ski-Rental Problem: Competitive Ratio

Off = while (m < n) {
if (true) — {®1 5 skip}
@ (true) = {Oy ¢ s:=1}

@ (true) - {®[s=1]-0 ¢ skip}
m:=m+1

On =while (m < n) {
if (c<y)—>{®1;skip; ci=c+1}
@ (c=y)={o0yss=15c=c+1}

® (c>y)—>{®[s—1] 0 3 skip § skip}
m=m-+1
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Ski-Rental Problem: Competitive Ratio

Off = while (m < n) { On =while (m < n) {
if (true) — {®1 5 skip} if (c<y)—>{®l§skipgc=c+1}
@ (true) = {Oy ¢ s:=1} ®c=y)=>{oyss=13c=c+1}
@ (true) = {©®[s =1]-0 ¢ skip} ® (e>y) = {O[s=1]-03 skip ¢ skip}
m=m-+1 m:=m+1

}- }-

wp[OFf](1) = n & y = min{n, y} wp[On] (1) = n & 2y = min{n, 2y}
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Ski-Rental Problem: Competitive Ratio

Off = while (m < n) {
if (true) — {®1 5 skip}
@ (true) = {Oy ¢ s:=1}
@ (true) - {®[s=1]-0 ¢ skip}
m:=m+1

.

wp[Off|(1) = n ©y = min{n, y}

D = sup

or(n @ 2y)
Rer» OR(N DY)

On =while (m < n) {
if (c<y)—>{®l§skipgc=c+1}
@ (c=y) =>{oyss=1gc=c+1}
@ (c>y) = {O[s=1]-03 skip § skip}
m:=m+1

1.

wp[On](J) = n @ 2y = min{n, 2y}

min{n,2y}

 ns0g>1 min{n,y}

2
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From Costs to Expected Costs

Consider the expectation semiring Sg = ([0, 1] x R, ©, ®, (0,0), (1,0))

12 Online Optimization, Emma Ahrens

RWTHAACHEN
UNIVERSITY




From Costs to Expected Costs

Consider the expectation semiring Sg = ([0, 1] x RSy, @, ©, (0,0), (1,0)) with operations

(p,c)®(¢,d) = (p+gq,c+d) and (p,c)©(¢,d)=(p-q,p-d+q-c).

12 Online Optimization, Emma Ahrens

RWTHAACHEN
UNIVERSITY




From Costs to Expected Costs

Consider the expectation semiring Sg = ([0, 1] x RSy, @, ©, (0,0), (1,0)) with operations

(p,c)®(¢,d) = (p+gq,c+d) and (p,c)©(¢,d)=(p-q,p-d+q-c).

» © (p,0) weighs an execution by probability p

12 Online Optimization, Emma Ahrens

RWTHAACHEN
UNIVERSITY




From Costs to Expected Costs

Consider the expectation semiring Sg = ([0, 1] x RSy, @, ©, (0,0), (1,0)) with operations

(p,c)®(¢,d) = (p+gq,c+d) and (p,c)©(¢,d)=(p-q,p-d+q-c).

» © (p,0) weighs an execution by probability p

» ©(0,c) adds the costs ¢ to an exection

12 Online Optimization, Emma Ahrens

RWTHAACHEN
UNIVERSITY




From Costs to Expected Costs

Consider the expectation semiring Sg = ([0, 1] x RSy, @, ©, (0,0), (1,0)) with operations

(p,c)®(¢,d) = (p+gq,c+d) and (p,c)©(¢,d)=(p-q,p-d+q-c).

» © (p,0) weighs an execution by probability p

» ©(0,c) adds the costs ¢ to an exection

12 Online Optimization, Emma Ahrens

RWTHAACHEN
UNIVERSITY




From Costs to Expected Costs

Consider the expectation semiring Sg = ([0, 1] x RSy, @, ©, (0,0), (1,0)) with operations

(p,c)®(¢,d) = (p+gq,c+d) and (p,c)©(¢,d)=(p-q,p-d+q-c).

» © (p,0) weighs an execution by probability p

» ©(0,c) adds the costs ¢ to an exection

Often, randomized online algorithms perform better than deterministic online algorithms!
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Ski-Rental Problem: Competitive Ratio of Randomized Algorithm

Off = while (m < n) { Rand = while (m < n) {
if (true) — {®1 ¢ skip} if (e<y) = {01 =pm,l —pm) s c:=c+1}
@ (true) = {Oy § s =1} © (c<y) = {OPmpm-y)§s:=15c=y}
@ (true) - {®[s=1]-0 ¢ skip} ® (c>y) = {O[s=0]-(0,00) 5 skip}
m:=m-+1 m:=m+1

} }
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Ski-Rental Problem: Competitive Ratio of Randomized Algorithm

Off = while (m < n) { Rand = while (m < n) {
if (true) — {®1 ¢ skip} if (e<y) = {01 =pm,l —pm) s c:=c+1}
@ (true) > {Oy § s:=1} ®(c<y) = {OPm,Pm-y) s s=15c=y}
@ (true) - {®[s=1]-0 ¢ skip} ® (c>y) = {O[s=0]-(0,00) 5 skip}
m:=m+ 1 m:=m+1

} }-

wp[Off)(X) = n ® y = min{n, y} wp[On] () = E(n,y)
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Ski-Rental Problem: Competitive Ratio of Randomized Algorithm

Off = while (m < n) { Rand = while (m < n) {
if (true) — {®1 ¢ skip} if (e<y) = {01 =pm,l —pm) s c:=c+1}
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} }-

wp[Off)(X) = n ® y = min{n, y} wp[On] (1) = E(n,y)

o me{n Y- 1(y+c) P+ (1 — Zgi%{n,y}—lﬁc> “N.
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Ski-Rental Problem: Competitive Ratio of Randomized Algorithm

Off = while (m < n) { Rand = while (m < n) {
if (true) — {®1 ¢ skip} if (e<y) = {01 =pm,l —pm) s c:=c+1}
@ (true) » {Oy 5 s:=1} ® (c<y) = {OPm:pm-y) § s:==13 c=y}
@ (true) - {®[s=1]-0 ¢ skip} ® (c>y) = {O[s=0]-(0,00) 5 skip}
m:=m+ 1 m:=m+1

} }-

wp[Off)(X) = n ® y = min{n, y} wp[On] (1) = E(n,y)

o me{n Y- 1(y+c) P+ (1 — Zgi%{n,y}—lﬁc> “N.

D= sup "PProelWlon) _ - Elny) _ e

- ~ 1.58
rern wp[Of£](1)(oR) n>0y>1 min{n,y} e—1
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Using Weakest Preweightings for Competitive Ratio

Online Optimization:

» for each optimization problem manual proofs by hand
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Using Weakest Preweightings for Competitive Ratio

Online Optimization:

» for each optimization problem manual proofs by hand
Translation into Weighted Programming:

» uniform framework

» semi-automatic verification via tools

» further research in this area applies directly

problem-specific proofs by hand

R, Alg(R P
Do wup CRAERO) | wplProgl()(on)
rerr ¢(R,Alg'(R,€))  rern wp[Prog'[(1)(or)
framework for semi-automatic verification
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Using Weakest Preweightings for Competitive Ratio

Type Function Program Coherence

actiona; € A a;: X —> % wGCL(a;) Obs

cost ¢i: 2 — S with WExp(c;) Obs
A(O’R) — C(R, A, ai)

auxiliary action x; : ¥ — X wGCL(z;) Aux

guard i X —{0,1} BExp(y;) ObsU Aux

problem-specific proofs by hand

_ (RAERO) __ wplProg](n)(on)
D= o (RAER) b, wplProg](1)(or)

framework for semi-automatic verification
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Classical

Observable

Arithmetic Expressions AExp
E—szeVars|neN|E+E|E-E|E-FE

Boolean Expressions BExp
poE<E[oNg|-p

Weighted Expressions WExp
w—=seES|wdw|wow|E-w||p-w
with a € AExp and ¢ € BExp

Observable Arithmetic Expressions AQbs
E—F|...|E;|¢qeN|E+E|E-E|FE
with Eq, ..., E; € AExp

Observable Boolean Expressions BObs

p—=o1|. e | E<XE|pAg|—gp
with ¢1,...,¢p € BExp

Observable Weighted Expressions W0bs
w—=seES|lwdw|wow|E-wl|p-w
with ¥ € AObs and ¢ € BObs

BaseObs = {Ey, ..

'>Ek79017"'a()0€}
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