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Ski-Rental Problem

nonebuy none none
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Online Optimization - Semantics

An online algorithm is one that receives a sequence of requests and, performs an imme-
diate action in response to each request. Each sequence of requests and corresponding
actions has an associated cost. Richard M. Karp, 1992

a0 · · · am−1 am

r0 · · · rm−1 rm · · · rn−1

c0 · · · +cm−1+cm = min
∑

ci

4 Online Optimization, Emma Ahrens



Online Optimization - Semantics

Optimization Problem

▶ requests ri ∈ R
▶ actions ai : Σ → Σ ∈ A
▶ costs ci : Rm+1 ×Am ×A → N

Next Action fm<n : Rm+1 ×Am → 2A

▶ specifies algorithm Alg : Rn → 2A
n

a0 · · · am−1 am

r0 · · · rm−1 rm · · · rn−1

c0 · · · +cm−1+cm = min
∑

ci

Competitive Ratio

▶ compares total costs c : Rn × 2A
n → N∞, (R,A) 7→ minA∈A

∑
m<n c(R, a0 · · · am−1, am)

▶ of two algorithms via the competitive ratio D := supR∈Rn
c(R,On(R,ϵ))
c(R,Off(R,ϵ))
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Ski-Rental Problem

Optimization Problem

▶ requests R = {ski}
▶ actions A = {rent, buy, none}
▶ costs crent = 1, cbuy = y, cnone = [s = 1] · 0

Next Action fm<n : Rm+1 ×Am → 2A

▶ specifies algorithm On : Rn → 2A
n
,

R 7→ {(rent, . . . , rent, buy, none, . . .)}

buyrent · · · rent

ski · · · skiski · · · ski

1 · · · +1 +y = min{n, 2y}

Competitive Ratio

▶ compares total costs c = min{n, 2y}
▶ of two algorithms via the competitive ratio D := supR∈Rn

min{n,2y}
minn,y → 2
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Weighted Programming wGCL

C → x := E | C1 # C2 | ⊙w

| if (φ) {C1 } else {C2 } | while (φ) {C1} | {C1 } ⊕ {C2 } ,

where x ∈ Vars, E is an arithmetic expression, and JwK ∈ S

Semiring S = (S,⊕,⊙, 0, 1) satisfies

▶ (S,⊕, 0) is a commutative monoid, (S,⊙, 1) is a monoid,

▶ multiplication ⊙ distributes over addition ⊕, and

▶ 0 annihilates every element, more concretely a⊙ 0 = 0 ⊙ a = 0.

▶ No inverse elements!

An example is the tropical semiring (N∞,min,+,∞, 0).
Omitted: ω-complete partial order, ω-continuity
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Reasoning about Competitive Ratio

problem-specific proofs by hand

framework for semi-automatic verification

D := sup
R∈Rn

c(R,Alg(R, ϵ))

c(R,Alg′(R, ϵ))
= sup

R∈Rn

?

?

8 Online Optimization, Emma Ahrens



Weakest Preweightings Semantics

Calculus to prove properties of weighted programs:{
wpJProgK(w)

}
Prog

{
w

}

S = (S,⊕,⊙, 0, 1) : wpJ⊙wK(1) =

w

(N∞,min,+,∞, 0) : wpJ⊙ yK(0) = y

wpJs := 0 # ⊙ [s = 1] · 0K(0) = ∞

▶ parametrized over semiring S
▶ undecidable in general
▶ semi-automatic verification tools (like Caesar) exist for some instances of weighted

programming (e.g. for the probabilistic and the tropical semiring)
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Ski-Rental Problem

Optimization Problem

▶ requests R = {ski}
▶ actions

A = {rent, buy, none}
▶ costs crent = 1, cbuy = y,

cnone = [s = 1] · 0

Next Action
fm<n : Rm+1 ×Am → 2A

▶ specifies algorithm
On : Rn → 2A

n
, R 7→

{(rent, . . . , rent, buy, none, . . .)}

Off = while (m < n) {

if (true) → {

⊙ 1 # skip

}
⊕ (true) → {

⊙ y # s := 1

}
⊕ (true) → {

⊙ [s = 1] · 0 # skip
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Ski-Rental Problem: Competitive Ratio

Off = while (m < n) {
if (true) → {⊙1 # skip }
⊕ (true) → {⊙y # s := 1 }
⊕ (true) → {⊙[s = 1] · 0 # skip }
m := m+ 1

}.

wpJOffK(1) = n⊕ y = min{n, y}

On = while (m < n) {
if (c < y) → {⊙1 # skip # c := c+ 1 }
⊕ (c = y) → {⊙y # s := 1 # c := c+ 1 }
⊕ (c > y) → {⊙[s = 1] · 0 # skip # skip }
m := m+ 1

}.

wpJOnK(1) = n⊕ 2y = min{n, 2y}

D = sup
R∈Rn

σR(n⊕ 2y)

σR(n⊕ y)
= sup

n>0,y>1

min{n, 2y}
min{n, y}

= 2
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From Costs to Expected Costs

Consider the expectation semiring SE = ([0, 1]× R∞
≥0,⊕,⊙, (0, 0), (1, 0))

with operations

(p, c)⊕ (q, d) = (p+ q, c+ d) and (p, c)⊙ (q, d) = (p · q, p · d+ q · c).

▶ ⊙ (p, 0) weighs an execution by probability p

▶ ⊙ (0, c) adds the costs c to an exection

Often, randomized online algorithms perform better than deterministic online algorithms!
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Ski-Rental Problem: Competitive Ratio of Randomized Algorithm

Off = while (m < n) {
if (true) → {⊙1 # skip }
⊕ (true) → {⊙y # s := 1 }
⊕ (true) → {⊙[s = 1] · 0 # skip }
m := m+ 1

}

wpJOffK(1) = n⊕ y = min{n, y}

Rand = while (m < n) {
if (c < y) → {⊙(1− pm, 1− pm) # c := c+ 1 }
⊕ (c < y) → {⊙(pm, pm · y) # s := 1 # c := y }
⊕ (c ≥ y) → {⊙[s = 0] · (0,∞) # skip }
m := m+ 1

}.

wpJOnK(1) = E(n, y)

=
∑min{n,y}−1

c=0 (y+c) · p̃c+
(
1−

∑min{n,y}−1
c=0 p̃c

)
·n.

D = sup
R∈Rn

wpJProgK(1)(σR)
wpJOffK(1)(σR)

= sup
n>0,y>1

E(n, y)

min{n, y}
=

e

e− 1
≈ 1.58
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Using Weakest Preweightings for Competitive Ratio

Online Optimization:

▶ for each optimization problem manual proofs by hand

Translation into Weighted Programming:

▶ uniform framework

▶ semi-automatic verification via tools

▶ further research in this area applies directly

D := sup
R∈Rn

c(R,Alg(R, ϵ))

c(R,Alg′(R, ϵ))
= sup

R∈Rn

wpJProgK(1)(σR)
wpJProg′K(1)(σR)

problem-specific proofs by hand

framework for semi-automatic verification
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Using Weakest Preweightings for Competitive Ratio

Type Function Program Coherence
action ai ∈ A ai : Σ → Σ wGCL(ai) Obs

cost ci : Σ → S with WExp(ci) Obs

A(σR) 7→ c(R,A, ai)

auxiliary action xi : Σ → Σ wGCL(xi) Aux

guard φi : Σ → {0, 1} BExp(φi) Obs ∪ Aux

D := sup
R∈Rn

c(R,Alg(R, ϵ))

c(R,Alg′(R, ϵ))
= sup

R∈Rn

wpJProgK(1)(σR)
wpJProg′K(1)(σR)

problem-specific proofs by hand

framework for semi-automatic verification
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Classical Observable

Arithmetic Expressions AExp Observable Arithmetic Expressions AObs
E → x ∈ Vars | n ∈ N | E + E | E · E | E−̇E E → E1 | . . . | Ek | q ∈ N | E + E | E · E | E−̇E

with E1, . . . , Ek ∈ AExp

Boolean Expressions BExp Observable Boolean Expressions BObs
φ → E < E | φ ∧ φ | ¬φ φ → φ1 | . . . | φℓ | E < E | φ ∧ φ | ¬φ

with φ1, . . . , φℓ ∈ BExp

Weighted Expressions WExp Observable Weighted Expressions WObs
w → s ∈ S | w ⊕ w | w ⊙ w | E · w | [φ] · w w → s ∈ S | w ⊕ w | w ⊙ w | E · w | [φ] · w
with a ∈ AExp and φ ∈ BExp with E ∈ AObs and φ ∈ BObs

BaseObs = {E1, . . . , Ek, φ1, . . . , φℓ}
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