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Probabilistic Programming pGCL

Symmetric random walk

while (x>0) {

) Ut} [0.5] {x—} P express probability distributions via

probabilistic programs

> prove correctness (e.g. probability

Geometric distribution distribution)

bool ¢ := true; » prove termination with certain likelihood
int i = 0; (e.g. almost-surely terminating)
Wh_'le (c) { » calculate the expected runtime

I+

(c := false [p] c = true)

}
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Generalize Probabilistic Programming? [BGK™22]

P describe probability distribution via P describe mathematical model via weighted
probabilistic program program

> over set [0, 1] » over an arbitrary semiring (S, ®,®,0,1)

> f:S— RS} is a postexpectation > .S — S is a postexpectation

> eg f=[x=0orf=x

g=1f(0O) +f(0O) +

©b
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Semirings

Monoid W = (W, ®, 1)

with a carrier set W, an associative operation ®, and neutral element 1.
The monoid W might additionally be commutative.

Semiring S = (S,$,®,0,1)

> (S,®,0) is a commutative monoid,
> (S,0,1) is a monoid,

» distribution of multiplication over addition, hence for all a,b,c € S
a0 (bdc)=acb®adGcand (a®b)Oc=a0cPboc

» 00a=a@®0=0forallacs.

= A generalization are W-modules M.
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Weighted Programming wGCL

Syntax

C — x:=E (assignment)
‘ Cl; C2 (sequential composition)

C1 & Cy (branching)

X ——; (true

o d

® false
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| ® a (weighting)
| if ((p) (1 else Gy (conditional choice)
| while (g@) C1  (loop)

while (n > 0) {
n:=n-—1;
{ol} @ {Goy; n:=0}
}

while (n > 0) {
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Weighted Programming wGCL

Semantics

> states S := {0 : Vars = N | {x € Vars | o(x) # 0} is finite}
> Q= (WGCLU{{}) x S x N x {L, R}*) called configurations
> A C QxS x Q called transitions

o' = o[x — [E](0)]

x=E.on B 1 (Lontlp oo
{
. weigh

x——i Otrue (©a.0.n B Fa (hon+ 15 o

P |
(I. branch)

© false {G}re {G},onp)k (G,o,n+1,5L)

}

cEy

[while (¢) C,om B) F1 (C; while (p) C.on+1,3) ™
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Weighted Programming wGCL

Semantics

({ x——; Otrue } ® { ©false },{x+— 2},0,¢)

(x — —; Otrue, {x — 2},1,L) (®false, {x — 2},1,R)
J@l J@false
(Otrue, {x — 1},2,1L) (J, {x—2},2,R)
Jovm

4, {x—1},3,L)
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Weakest Preweightings wp
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Weakest Preweightings wp

» inspired by Dijkstra's weakest preconditions
» using semiring (S,®,®,0,1): define weightings f,g:S — S
> weakest preweighting transformer wp : wGCL — ((S — S) — (S — §)):

wGCL-program P wp[P](f)

x:=E f[x/E]

®a aof

G G wp[GJ(wp[C](f) )

G oG wp[G[(f) @ wp[C](f)

if (p){ G telse{ G } [p]wp[G](f)® [~¢]wp[C](f)
while (@) { C} Ifp X.[-]f & [¢] wp[C](X)
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A Random Example

// true @ false = true
{
// true
X ==
// true ® true = true
® true
// true
} o
// false ® true = false
© false
// true

}

// true
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P wp[P](f)

x:=E f[x/E]

®a aof

G; G wp[G](wp[C&](F))

Go G wp[G](f) & wp[&](F)

if else [p]wp[Gi](f) ® [~e]wp[Co](f)
while Ifp X.[—¢]f & [¢] wp[C](X)
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Loop Invariants

» loop while (¢) C is equivalent to
if (@) {C; if (p) {C; ... } else { skip } else { skip }}
» for postweighting f define wp-characteristic function and weighting transformer
Sr:(S—S8) = (S—8), X = [-¢]f &[] wp[C](X)
wp[ while () C](f) = Ifp ®¢

> well-defined if (S, ®,®,0,1) is w-complete partially ordered, © and ® are w-continuous
due to Kleene's fixed point theorem
> for weighting | € (S — S)

Oe(l) < I implies wp[while (@) { C }(f) </
» if while (¢) { C } and C are universally certainly terminating then

I < (1) implies I < wp[while () { C }[(f)
» if while (¢) { C } and C are universally certainly terminating then

I =®¢(1) implies I = wp[while () { C }](f)
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Ski Rental Problem
P (S—=8) = (S—8), X — [o]f &[] wp[CT(X), wp[ while (¢) C](f) = Ifp ®¢
I =d¢(1) implies | = wp[while (¢) { C }](f)

[/ [7¢] - f minfg]-1I"=[n=0]-0 min[n>0]-(n min y)=n min y =/
while (n > 0) {

//(n—1+1) miny=nminy=/

n:=n-—1;

//(n+1) min(y+1) min y=(n+1) min y

{ //(n+1) min(y +1)

+1//1
}min{ /)y
+y; //0miny=0
n:=0//1
}//1=nminy
}//0
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Outlook

What have we seen? What do we want to do now?
> weighted programs describe general » find and study further possible
mathematical models via wGCL applications, e.g. online algorithms
» arbitrary w-continuous semirings for (paging algorithm) and their competitive
weighting analysis
P> wp allows general reasoning » analyse automation
» analysis of ski rental problem » find further proof rules

g=fO)af(lO) o
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