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Motivation: Transportation of Beds in a Hospital

Corridor

Corridor

Corridor

Elevator

Corridor

¢ Transportation of hospital beds during the day blocks elevators for time-critical
processes
= Distribution after the main working hours? What would be important?

® As quick as possible to relieve the employees
® As easy to remember as possible to reduce confusion
* As few employees involved as possible
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Flow Networks and Static Flows

Definition
For
e adirected graph G = (V,A),
® a capacity function u : A - Ny,
® a transit time function 7 : A — Ny, and
® g costfunction c: A — Ny,

(G,u), (G,u,c), (G,u,7) and (G,u,t,c) are
networks.

-3

Figure: Network with labels u and b.
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Flow Networks and Static Flows

Definition
For
e adirected graph G = (V,A),
® a capacity function u : A - Ny,
® 3 transit time function 7: A - Ny, and -3
* a costfunction ¢: A — Ny, Figure: Network with labels « and b.

(G,u), (G,u,c), (G,u,7) and (G,u,t,c) are
networks.

Definition

A functionb:V —» Z with )} .y b(v) =0is a
balance function.
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Flow Networks and Static Flows

Definition /@
2
For v

® a network (G,u), and
® g balance function b,

a static b-flow is a function x : A — Ry, -3
which satisfies

Figure: Flow represented by labels x on arcs.
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Flow Networks and Static Flows

Definition /@
2
For v

® a network (G,u), and
® g balance function b,

a static b-flow is a function x : A — Ry, -3
which satisfies

1. the capacity constraint 0 < x(a) < u(a)

forallae A, and /2'@
Vv

Figure: Flow represented by labels x on arcs.
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Flow Networks and Static Flows

Definition
For
® a network (G,u), and
® g balance function b,

a static b-flow is a function x : A — Ry,
which satisfies

2. the flow conservation

Z x(a)— Z x(a) = =b(v)

acod—(v) acot(v)

forallveV.

Emma Ahrens

Figure: Flow represented by labels x on arcs.
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Flows over Time Sa | RWTH

Definition
(2,4)
For

G » ¥V L (21)-1
® a network (G, u,1), @2.4)
® atime horizon T € Ny, and 6

. -5
® g balance function b,

a b-flow over time is a family of functions Figure: Network with labels representing (u,7)
fu:Z — R, a € A, which satisfy and b.
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Flows over Time

Definition

For
® a network (G, u,1),
® atime horizon T € Ny, and
® g balance function b,

a b-flow over time is a family of functions
fa:Z — Rsp, a € A, which satisfy

Emma Ahrens

(2,4)
By vV L (21)-1
@@:@
6 -5

Figure: Network with labels representing (u,7)
and b.

Figure: Labels represent load on arcs.
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Flows over Time S | FOWTH

Definition
(2,4)
o G » ¥V L (21)-1
® a network (G, u,1), O < 2.4) : :
® atime horizon T € Ny, and 6
® g balance function b, -
a b-flow over time is a family of functions Figure: Network with labels representing (u,7)
fu:Z — Rsg, a € A, which satisfy and b.
1. the capacity constraint 0 < £,(0) < u(a) 6 1 2 3 4 5 T=6
forallac Aand 6 €{0,...,T}, ’ \;3 \2
v 1

tl \
t2 .
Figure: Labels represent load on arcs.
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Flows over Time S | FOWTH
Definition o
el G » ¥V L (21)-1
® a network (G, u,1), @2.4)
® atime horizon T € Ny, and 6
® a balance function b, &

a b-flow over time is a family of functions
fa:Z — Rsp, a € A, which satisfy

2. the flow completion f,(6) = 0 for all
acAand 0>T —1,,

Figure: Network with labels representing (u,7)
and b.

tl \
ty .

Figure: Labels represent load on arcs.
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Flows over Time S | FOWTH
Definition 2.4
£oi By vV L (21)-1
® a network (G, u,1), 2.4)
® atime horizon T € Ny, and 6
e 3 balance function b, >

a b-flow over time is a family of functions
fa:Z — Rsp, a € A, which satisfy

3. the weak flow conservation for all
veV\{stand 8€{0,...,T}

6—-1, 0
N GEDIONGEL
acs(v) £€=0 asst(v) =0

Figure: Network with labels representing (u,7)
and b.

tl \
ty .

Figure: Labels represent load on arcs.
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Flows over Time S | FOWTH
Definition 2.4
£oi By vV L (21)-1
® a network (G, u,1), 2.4)
® atime horizon T € Ny, and 6
e 3 balance function b, >

a b-flow over time is a family of functions
fa:Z — Rsp, a € A, which satisfy

4. the strict flow conservation for all ve V

T-1,4 T
DD = D0 D fuld) = b,
acd=(v) £=0 acot(v) £=0

Figure: Network with labels representing (u,7)
and b.

tl \
ty .

Figure: Labels represent load on arcs.
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Flows over Time S | FOWTH
Definition o
el G » ¥V L (21)-1
® a network (G, u,1), @2.4)
® atime horizon T € Ny, and 6
® a balance function b, &

a b-flow over time is a family of functions
fa:Z — Rsp, a € A, which satisfy

5. and f,(6) =0 for 6 ¢ {0,...,T}.

Figure: Network with labels representing (u,7)
and b.

h \
to !

Figure: Labels represent load on arcs.
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Uniform Flows

Definition
For
® a network (G, u,1),
® atime horizon T € Ny, and

® a static flow x over (G, u) with path
decomposition y: P — Ry and
t:=maxpep7(p),
the associated uniform flow f is

2,4,1)

(3.1,1) v (2,1,4)-8
@/\:Ml):-@
12

-4

Figure: Network with labels representing (i, 7, ¢)
and b.
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Uniform Flows

Definition
For
® a network (G, u,1),
® atime horizon T € Ny, and

® a static flow x over (G, u) with path
decomposition y: P — Ry and
t:=maxpep7(p),
the associated uniform flow f is

2,4,1)

(3.1,1) v (2,1,4)-8
@@:@
12

-4

Figure: Network with labels representing (i, 7, ¢)
and b.

4 5 6 7T T=28
s

0 1 2 3
R3\:3 ks\: \
v \21\2&\2

1\1\1
tl \\W -
ta

Figure: Labels represent load on arcs.
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Uniform Flows

Definition
For
® a network (G, u,1),
® atime horizon T € Ny, and

® a static flow x over (G, u) with path
decomposition y : P — R and
t:=maxpep7(p),
the associated uniform flow f is

fa®:= > ¥(p)

PEP,(0)

YaeA, 6€{0,...,T},

where

P,0):={pePlacp, 0<O0-1(p) <T -t}
fora=(v,w)and p =(s,...,t;),

and f,(0) :=0for6¢{0,...,T}.

2,4,1)

(3.1,1) v (2,1,4)-8
@/%,\@
12

-4

Figure: Network with labels representing (i, 7, ¢)
and b.

4 5 6 7
s

0 1 2 3
xg\x3 Rg\\ \
v \21\2&\2

1\1\1

NN

Figure: Labels represent load on arcs.

~
N
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Temporally Repeated Flows Sa | RWTH

Definition 2.4.1)
For (3,1,1) » V (2,1,4) -8
e a network (G, u,7), @@:@
® atime horizon T € Ny, and 15 -7
* a static flow x over (G,u) with path Figure: Network with labels representing (u,7,c)
decomposition y: P — Ry and and b.

t:= max,ep7(p),
the assoc. temporally repeated flow f is

Emma Ahrens Generalized Temporally Repeated Flows



Temporally Repeated Flows

Definition
For

® a network (G, u,1),

® atime horizon T € Ny, and

® a static flow x over (G, u) with path
decomposition y: P — Ry and
t:=maxpep7(p),
the assoc. temporally repeated flow f is

2,4,1)

(3.1,1) v (2,1,4)-8
@@:@
15

-7

Figure: Network with labels representing (i, 7, ¢)
and b.

4 6 7T T=28

: N\\QN SO

1 11

NSRS

Figure: Labels represent load on arcs.
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Temporally Repeated Flows Sa | RWTH

Definition 2.4,1)
For (3,1,1) » V (2,1,4) -8
e a network (G, u,7), @@:@
® atime horizon T € Ny, and 15 -7
* a static flow x over (G,u) with path Figure: Network with labels representing (u,7,c)
decomposition y : P — R and and b.

t:=max,cp7(p),
the assoc. temporally repeated flow f is

1 2 3
Ja(0) := Z y(p) Va€A,0¢cl0,...,T}, ; \\\k\‘&\\;‘x\z \\\‘\

4 6 7T T=28

PEP,(0) — i 11 1
t1 .
where P,(0) :={pePlacp, 1(pis.) <6, \ \ W
T(prwa) < T -6} t2
fora=(v,w)and p =(s,....1n), Figure: Labels represent load on arcs.

and f,(0) :=0for6¢{0,...,T}.
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k-Uniform and k-Temporally Repeated Flows ‘e ""'U'N'.'(}é&s']%

Uniform Flow
0 1 2 3 4 5 6

EREEN o o «
N
to . ‘ ‘ .

Temporally Repeated Flow
0 1 2 3 4 5 6 7

R

T=38

EREN
3
v

11— 1 11

NN

to
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k-Uniform and k-Temporally Repeated Flows ‘e

Uniform Flow
0 1 2 3 4 5 6 7T T=8

N

f N \\
NN

Temporally Repeated Flow

0 1 2 3 4 5 6 7T T=8

AN

: \YW

Emma Ahrens

k-Uniform Flow for k =2

to

k-Temporally Repeated Flow for k =2

N

NN\

8 T=9

Generalized Temporally Repeated Flows

RWTHAACHEN
UNIVERSITY



Network Flow Problems ‘e \ ""ﬂhf\?ﬁ%‘%

® Max Flow Problem

Figure: Network with labels representing u.
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Network Flow Problems
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® Max Flow Problem
® Min Cost Flow Problem

Emma Ahrens

(2,4)
Bl y vV L (21)-1
@@:@
6

-5

Figure: Network with labels representing (u,c)
and b.
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Network Flow Problems ‘e \ ""ﬁhf@é&s‘ﬁ

® Max Flow Problem
® Min Cost Flow Problem

Gy ¥V L (21)
® Max Flow over Time Problem ( >< 2.4) : :

Figure: Network with labels representing (u, 7).

(24)

Emma Ahrens Generalized Temporally Repeated Flows 9



Network Flow Problems Y \ RWTH

® Max Flow Problem (2,4,1)

® Min Cost Flow Problem

(3,1,1) v (2,1,4) -8
® Max Flow over Time Problem < : >< 2,4,1) :: C
® Min Cost Flow over Time Problem 12

-4

Figure: Network with labels representing (u,7,c)
and b.
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Network Flow Problems

Emma Ahrens

Max Flow Problem

Min Cost Flow Problem

Max Flow over Time Problem

Min Cost Flow over Time Problem

Earliest Arrival Flow over Time
Problem

(2,4)
Gy vV L @211
6

-5

Figure: Network with labels representing (u,7)
and b.
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Network Flow Problems

Emma Ahrens

Max Flow Problem

Min Cost Flow Problem

Max Flow over Time Problem

Min Cost Flow over Time Problem

Earliest Arrival Flow over Time
Problem

Quickest Transshipment Problem

(2,4)
Gy vV L @211
@@:@
6

-5

Figure: Network with labels representing (u,7)
and b.
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Network Flow Problems Y \ RWTH

® Max Flow Problem W
e Min Cost Flow Problem .

. ( e v T
* Max Flow over Time Problem ) \@
® Min Cost Flow over Time Problem 1

e Earliest Arrival Flow over Time

Problem Figure: Network with labels representing (u, 1)

. and b.

® Quickest Transshipment Problem
0 1 2 T=3
e Min Cost Uniform Flow Problem

’ \l \1
. N,
0.5 0.5
t \\. N,
0.5 0.5
to A A

Figure: Labels represent loads on arcs.

Emma Ahrens Generalized Temporally Repeated Flows



Network Flow Problems

°* Max Flow Problem

e Min Cost Flow Problem

® Max Flow over Time Problem

e Min Cost Flow over Time Problem

e Earliest Arrival Flow over Time
Problem

® Quickest Transshipment Problem
® Min Cost Uniform Flow Problem

® Quickest Transshipment Problem for
Uniform Flows

(1,1)

) \@

-1

Figure: Network with labels representing (u, 1)
and b.

0 1 2 T=3

’ \l \1
. N,
0.5 0.5
t \\. N,
0.5 0.5
to A A

Figure: Labels represent loads on arcs.
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Equivalent Networks S | FONTERECHEN
Definition
G is a tree, then (G, u,t,c) is a tree network. (3.2) .0

(13,0)

9.0)
“.1
(6,6)
(3.2)

() ()

Figure: Networks with labels representing (i, 7).
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Equivalent Networks

Definition
G is a tree, then (G, u,t,c) is a tree network.

Definition
Flow f on (G,u,t,c) and f" on (G",u’,7’,c’).
Then f = f if
¢ the number of sinks is equal, l“m)
¢ for each sink at each point in time the
same number of units arrives with the (9,0)
same aggregated costs. @ @.1)

(6,6)

,3.2)
Figure: Networks with labels representing (u, 7).

Emma Ahrens Generalized Temporally Repeated Flows



Equivalent Networks

Definition
(6,6)

Two tree networks (G, u,,c), (G',u’,7’,c") D (3.2)

are equivalent, @ @ @

(G,u,7,c) =(G",u',7',¢"),

if for each flow f on (G, u,T,c) there exists

an equivalent flow f” on the other network (1.0
(G’,u',7',c¢) and vice versa.
(9,0)
@1
(6,6)
3.2)

() ()

Figure: Networks with labels representing (u, 7).
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Equivalent Networks

Definition
(6,6)
Two tree networks (G, u,,c), (G',u’,7’,c") D (3.2)

are equivalent, @ @ @

(G,u,7,c) =(G",u',7',¢"),

if for each flow f on (G, u,T,c) there exists
an equivalent flow f’ on the other network
(G’,u',7',c¢) and vice versa.

(13,0)

9,0
= For all mentioned network problems: @ Y
Given two equivalent networks, all optimal
solutions have the same objective value. 6.6)
The optimal solutions have equivalent 3,2

counterparts. @ @

Figure: Networks with labels representing (u, 7).

Emma Ahrens Generalized Temporally Repeated Flows



Merge Nodes S | FOWTH

Deflnmon ,1.0) (min{u,u’},
Tree network (G, u,t,c) and node v e V. We v 7477, c+c°)
define operation p1((G,u,t,c),v): AN @
It maps to (G,u,7,c) ifvis
(MO,TU,CO)

® 3 leaf,

® has at least two children, or

* is the root. Figure: The operation p;.

Otherwise, it maps to (G’,u’,7’,¢’) which
resembles the network (G, u, t,c) with the
changes in the picture.

Lemma

For tree network (G,u,t,c) and any node
veV,itis p1((G,u,t,c),v) = (G,u,T,c).

Emma Ahrens Generalized Temporally Repeated Flows



Split Children Ya | RWTH

Definition

Tree network (G, u,t,c) and node v e V. We (t, T )

define operation p>((G,u,t,c¢),v): (1, 71,01)

It maps to (G, u,7,c¢) if v has @ @
® at most two children. U=

Otherwise, it maps to (G’,u’,7’,¢’) which
resembles the network (G, u, 7, c) with the /
(up+...4uy,

(Uyy1+...+1,,0,0)

changes in the picture.

/ ‘” \ 0,0) o
Lemma / &‘um,m / (MN;TM)
For tree network (G, u,,c) and any node (wm1c1) TorloCort)
veV,itispy(G,u,T,c),v) =(G,u,T,C). @ @ @

Figure: The operation p;.

Emma Ahrens Generalized Temporally Repeated Flows



Single Child % | RWTH

Definition

Tree network (G, u,t,c) and node v e V. We (1 Tns )

define operation p3((G,u,,c),V): (u1,71,¢1)

It maps to (G, u,7,c¢) if v has @ @
¢ at most one child. Iz

Otherwise, it maps to (G’,u’,7’,¢’) which @

resembles the network (G, u, T, c) with the

changes in the picture. l“’l <+t un;0,0)

7N\

Lemma /w‘ e
For tree network (G,u,t,c) and any node (ur.71,01)

veV,itisps(G,u,t,c),v) =(G,u,T,c). @

Figure: The operation p3.

Emma Ahrens Generalized Temporally Repeated Flows



Almost-binary Tree

Definition
. . , 6,6
An almost-binary tree is a tree G with Gy 89 0
* the root node r € V has at most one @ @ @
childve V, and
e the subtree of v is a complete binary
tree (if v exists).
(13,0)
©,0)
[CH))
(6,6)
(.2

() ()

Figure: Networks with labels representing (u, 7).
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Almost-binary Tree % | RWTH

Definition
An almost-binary tree is a tree G with Gy 89 0
® the root node r € V has at most one
childve V, and @ @ @

® the subtree of v is a complete binary

tree (if v exists).
(13,0)

Theorem
9,0

For each tree network (G, u,,c), there @ Q0

exists an equivalent tree network where the ’

underlying graph is an almost-binary tree. 6.6
(3.2)

() ()

Figure: Networks with labels representing (u, 7).

Emma Ahrens Generalized Temporally Repeated Flows 15



Almost-binary Tree % | RWTH

Theorem

6.6
For each tree network (G,u,,c), there 41 (3,2) .0

exists an equivalent tree network where the
underlying graph is an almost-binary tree. @ @ @

Theorem

Let (G,u,T,c) be tree network, where G has (13,0
degree k e Ny and |G| = n. Then, an

equivalent binary tree network can be ©.0)
computed in O(n - k) steps. @.1

(6,6)
(3.2)

() ()

Figure: Networks with labels representing (u, 7).

Emma Ahrens Generalized Temporally Repeated Flows



Equivalence Classes of Trees - ""ﬂhf@ﬁ%‘ﬁ

(6,6)
1 (3:2)

Emma Ahrens Generalized Temporally Repeated Flows 16



Equivalence Classes of Trees Y ""ﬂhf@ﬁ%"ﬂ

p2(.5)
=

3.2) (6,6) 9,0)
4,1) (4,0)

(6,6)
4,1) G.2)

O,
)
)

Emma Ahrens Generalized Temporally Repeated Flows 16



Equivalence Classes of Trees ‘= “wlw\’}é%ﬂ
9,0)
(4,0)
(6,6)
ﬁéh K (3.2)
Emma Ahrens Generalized Temporally Repeated Flows 17



Equivalence Classes of Trees Y ""ﬂhf@é&:ﬂ%
P
—_—
9,0) 9,0)
(4,0 1
@1 (6,6) (6,6)
(3,2) 3.,2)

Emma Ahrens Generalized Temporally Repeated Flows 17



Equivalence Classes of Trees - ""ﬂhf@ﬁ%"ﬂ
9,0)
4.1
(6,6)
(3.2

Emma Ahrens Generalized Temporally Repeated Flows 18



Equivalence Classes of Trees Y """U'N'.'\’,‘é‘%%

p3(.5)
=
9,0)
@ (13,0)

(6,6) (9,0)
(3.2) 4,1)

(=) ONENO

(6,6)
(3.2)

(=) )

Emma Ahrens Generalized Temporally Repeated Flows 18



Equivalence Classes of Trees ‘= “wlw\’}é%ﬂ
%3’0)
O
4.1
(6,6)
(3,2
Emma Ahrens Generalized Temporally Repeated Flows 19



Equivalence Classes of Trees

v, | RWTHAACHEN
f UNIVERSITY

(13,0)

9.0)
“.D

(6,6)

(3.2

()

Emma Ahrens

(20,0)

9.0)
“.D

(6,6)
(3.2)

(=) )
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Quickest Transshipment on Trees o

Definition
Given a tree network (G,u,7), and a balance function b, find an integer k-uniform flow
with arbitrary k£ < h which

¢ gsatisfies the balances and

¢ has minimal overall time horizon T € N.

Emma Ahrens Generalized Temporally Repeated Flows
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Quickest Transshipment on Trees - One Sink Sa | RWTH

Definition
Given a tree network (G, u,7), and a
balance function b, find an integer @ﬂ@
k-uniform flow with arbitrary k£ < h which 10 -10
* satisfies the balances and Figure: Network with labels representing (u,7)
® has minimal overall time horizon. and b.

Emma Ahrens Generalized Temporally Repeated Flows 21



Quickest Transshipment on Trees - One Sink Sa | RWTH

Definition
Given a tree network (G, u,7), and a

balance function b, find an integer @ﬂ@

k-uniform flow with arbitrary k£ < h which 10 -10
* satisfies the balances and Figure: Network with labels representing (u,7)
® has minimal overall time horizon. and b.

Lemma

For an almost-binary tree network 5 e

(G,u,T,c) with one leaf and balance t i ———

function b. Then, the minimal time horizon
for a 1-uniform flow satisfying b is Figure: Labels represent loads on arcs.

T = +7-1.

u

Emma Ahrens Generalized Temporally Repeated Flows
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Quickest Transshipment on Trees - Two Sinks S | FONTERECHEN

-10

Figure: Network with labels representing (u,7)
and b.

Emma Ahrens Generalized Temporally Repeated Flows 22



Quickest Transshipment on Trees - Two Sinks ‘= “wm\’}é%%

0 1 2 3 4 5 6 7 T=8
ERIEN o N o [ o o (2,4)
3 3 3 3\ 2 2 2 : : (3,1) v N (2 1) -8
v \\\\2¥\h\2§\\;& \\ \\ 18 \@
1 17— 1 1 T 272 2
NSRS
to .

Figure: Labels represent loads on arcs.

Figure: Network with labels representing (u,7)
and b.
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Quickest Transshipment on Trees - Two Sinks ‘= “wlﬂ\’}é%ﬁ

N
b ””‘/ \@

_b2

Figure: Network with labels
representing (u,7) and b.

Emma Ahrens Generalized Temporally Repeated Flows 23



Quickest Transshipment on Trees - Two Sinks

Lemma

We set u; := min{u,u;}, 7, := 7+ 7.

The quickest 1- or 2-uniform flow has time horizon
T :=min({ f(u,71,b1,u2,72,b2) }

U { gy, T1,b1,u2,72,b2,x1,X2) |

(uq,79)
1<xi<u, 1< <w, xij+x<u} @M,V (U, To) = f]
U {h(T1.b1,Ta.bo, 1, 52,172, d) | b \@
1<x;<u, 1<y <u, 1 <x <uy, by
I<y;<wp, xi+x2<u, y1+y2 <u, Figure: Network with labels
- [[b1] [b2 bi—d-x1] _ [br—d-x» representing (u,7) and b.
d<min{[2].[ 2]}, [25E] =[50,

Emma Ahrens Generalized Temporally Repeated Flows



Quickest Transshipment on Trees - Two Sinks

Lemma

We set u; := min{u,u;}, 7, := 7+ 7.

The quickest 1- or 2-uniform flow has time horizon
T :=min({ f(u,71,b1,u2,72,b2) }

U { gy, T1,b1,u2,72,b2,x1,X2) |

(uq,79)
1<xi<u, 1< <w, xij+x<u} @M,V (U, To) =if]
U {h(T1.b1,Ta.bo, 1, 52,172, d) | b \@
1<xi<u, 1<y <uy, 1 <0 <y, by
I<y;<wp, xi+x2<u, y1+y2 <u, Figure: Network with labels
- [[b1] [b2 bi—d-x1] _ [br—d-x» representing (u,7) and b.
d<min{[2].[ 2]}, [25E] =[50,

Itis f:N§ — No, (y,71,b1,u2,72,b2) -

{[ﬁ—ﬂ + [ﬁ—ﬂ +max{‘rz,‘rl - [ﬁ—ﬂ} -1, 71271,

fQua,72,b2,u1,71,b1), otherwise.
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Quickest Transshipment on Trees - More Sinks ‘= “wlﬂ\’}é%ﬁ

Figure: Network with labels representing (u,7)
and b.
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Quickest Transshipment on Trees - More Sinks
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Figure: Network with labels representing (u,7)
and b.
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Optimal Solutlon for Subgraph Extension of Optimal Solution
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Load-Consistent Flows ‘e UNIVERSITY

1-Uniform Flow with Minimal Time Horizon for Tree Network

min d s.t. Z—bisd-u(a), acAl,:={ie{l,....,h}|acp;}, deNy.

i€l,
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Load-Consistent Flows ‘e ""u'N'f@égslﬁ

1-Uniform Flow with Minimal Time Horizon for Tree Network

min d st ) -bi<d-u(), acAl;={ie{l,..h}lacp), deN

i€l,

= Linear algorithm transforms an optimal solution of the linear relaxation into an
optimal load-consistent flow.
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Load-Consistent Flows ‘e ""u'N'f\/}é%Iw

1-Uniform Flow with Minimal Time Horizon for Tree Network

min d st ) -bi<d-u(), acAl;={ie{l,..h}lacp), deN

i€l,

= Linear algorithm transforms an optimal solution of the linear relaxation into an
optimal load-consistent flow.

10 11 12 T=13

Sl
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Cost Minimization at each Point in Time Ya

Definition
Given a network (G, u,,c), source and sink s,7 € V, and a time horizon T' € Ny,
find an integer temporally repeated flow with

e maximal flow and
® minimized maximal costs over all points in time.

(1,4,0) Vi (1,1,8)

Figure: Network with labels representing (u,7,c).
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Cost Minimization at each Point in Time Sa | RWTH

(1,4,0) Vi (1,1,8)
@/\:1,5,2)/>\VZ —LLO ()

Figure: Network with labels representing («, 7, ¢).

=10 0 1 2 3 4 5 6 7 8 9 T=10

\\\\\\\\\\ TN

® Both flows have total value 5 and time horizon 10.
® The left flow has total costs 10, whereas the right flow has total costs 40.
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Cost Minimization at each Point in Time Y \ RWTH

(1,4,0) Vi (1,1,8)
®/\V<1,5,2)/>\ vy L0

Figure: Network with labels representing («, 7, ¢).

Maximal costs are 10 at time 4 Maximal costs are 8 at time 4.
=10 9 T=10

~mmn \\\\\\
\\\\\\\\\\ ST

® Both flows have total value 5 and time horizon 10.
® The left flow has total costs 10, whereas the right flow has total costs 40.
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Cost Minimization at each Point in Time

Listing: Ford-Fulkerson Algorithm for Maximal
(s,1)-Flows over Time

Input: Network (G,u,T),
source and sink s,reV, and
time horizon T

Output: Temporally repeated flow f

with time horizon T
with maximal flow

Calculate static (s,/)-flow x
that maximizes
T - value(x) — Y e T(a) - x(a)
Calculate path decomposition

Listing: Maximal (s, 7)-Flows with Minimal Costs
over all Points in Time

Input: Network (G,u,7,c),
source and sink s,r€eV, and
time horizon T

Output: Temporally repeated flow f
with time horizon T
with maximal flow and minimized
maximal costs at each time point

Set d:A—> Ny, ar> M-1(a)+c(a) 1(a)
Calculate static (s,f)-flow x
that maximizes

Construct temporally repeated flow f M- -T-value(x)— ) ,cqd(a)-x(a)

with time horizon T
Return f

Emma Ahrens

Calculate path decomposition

Construct temporally repeated flow f
with time horizon T

Return f

Generalized Temporally Repeated Flows 30



L. . . ) RWTHAACHEN
Cost Minimization at each Point in Time Ya UNIVERSITY

T - value(x) — Z 7(a)-x(a) < M-T-value(x)- Z d(a)- x(a)
acA acA

o  M-T-value(x)— Z (M -7(a)+ c(a) ~T(a)) - x(a)
acA

& M- (T-value(x)- Z (a)- x(a)) - Z c(a)-1(a) - x(a)

acA acA

Maximize first. Minimize second.
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Achievements

e Several types of flows over time

Future Work
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Conclusion

Achievements

e Several types of flows over time

® Observation of tree networks and notion of equivalence

* Two linear algorithms that calculate non-optimal solutions of the QTP on Trees
® Polynomial algorithm that maximizes value and minimizes costs

Future Work

e Computation of equivalent almost-binary tree with minimal capacities
® Analyze QTP on differently structured graphs

® Explore whether the solutions of subtrees for almost-binary tree networks can be
restricted to a very small (of constant size?) set of relevant solutions
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