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Notation

N
Z

i,j,k,6,n,d,e €N

frg
p and ¢
M
mij
1lorid
I,
Ha

set of natural numbers without 0

set of integers

natural numbers

polynomial functions

prime resp. prime power

matrix of a given dimension over a given field

defines the entry in the ¢-th row and j-th column of the matrix M
neutral element of multiplication

identity matrix

minimal polynomial of a

a group
order of the group G

N is subgroup of G

N is normal subgroup of G

the groups, resp. fields, G and H are isomorphic

the smallest group, resp. field, containing the elements in X

the smallest normal subgroup of H containing the elements in X
homomorphisms between groups or fields

application of 7, resp. ¢, to a, resp. x

the kernel of the homomorphism ¢

the image of the homomorphism ¢

the quotient group of G and the normal subgroup N
determinant of the matrix M

field trace of «

primitive element of a group

Frobenius homomorphism

natural representation of z € GF(p) in N

presentation on the generators X with relators R

group presented by the presentation {X|R}

Galois field of order ¢
general linear group: group of invertible
n X n matrices over the field GF(q)
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Sn
H,
SH,

SL(n, q)

PSL(n, q)
GU(n, q)
SU(n, q)
PSU(n, q)

symmetric group on the set {1,...,n}

hyperoctahedral group: group of signed permutations

signed permutation group: group of signed permutation matrices
of determinant 1

special linear group of degree n over the field GF(q)

projective special linear group

general unitary group of degree n over the field GF(¢?)

special unitary group

projective special unitary group



1. Introduction

This thesis lists short presentations for some finite classical and related groups on
standard generators. These presentations can be used to verify isomorphisms of a
given group algorithmically and every presentation given in this work is implemented
in GAP. I follow the approach used by C.R. Leedham-Green and E.A. O’Brien in
[LGOB19].

The obtained results are applied in the matriz group recognition project (see [Lee01]),
which is a project in computational group theory. It aims to analyse a given matrix
group G over a finite field and to algorithmically determine information about it. Some
points of interest are the size of the group G, the membership of elements, and solving
the word problem. One goal of this project is to check isomorphisms between subgroups
of G and finite classical and related groups which can be done using presentations.

[LGOB19] defines standard generators for all finite classical groups and related sim-
ple groups. For a given group G there exist efficient constructive recognition algorithms
which can be used to compute the standard generators of G. For that reason, our pre-
sentations are also defined on those standard generators which are listed in [LGOB09.

Since we want to verify the isomorphisms automatically (e.g. using GAP), we need
to make sure that the performance of our algorithms is acceptable. It is crucial to make
sure that even matrix groups, whose matrices are high dimensional, can be verified in
reasonable time on today’s computer centres. To achieve that goal, the number of ma-
trix multiplications needs to be minimised. Additionally, to avoid memory problems,
the number of stored large matrices shall be as small as possible.

A first approach tries to optimise the presentations from a mathematical point of
view. Its goal is to minimise the number of generators and relations of the presen-
tations. To measure the length of presentations numerically, we define the bit-length
of a presentation (see Definition which counts the number of generators and the
number of multiplications in the relations. Leedham-Green and O’Brien have obtained
the following result.

Theorem 1. Every classical group of rank r defined over GF(q) has a presentation
on its standard generators with O(r) relations and total bit-length O(r + logq).

All the presentations listed in this work have a bit-length smaller or equal O(r +1log q)
and hence we call them short.

The second approach is to optimise the implementation of those presentations. We
can store products of matrices that are needed in several relations to avoid recalcula-
tion. On the other hand, it is important not to store too many products, because this
might cause memory problems. This problem is addressed in Chapter



1. Introduction

In Chapter [2] I define everything that is needed to understand the results listed in
the following chapters. This includes frequently used notation, the finite classical and
related groups and presentations. Then I observe the symmetric group (Chapter [3),
the group of signed permutation matrices (Chapter , the special linear group of
degree 2 (Chapter and the special unitary group of degree 3 (Chapter @ For
each, I list the standard generators of the group and presentations on those standard
generators. Additionally, presentations for the projective groups are specified. My
implementation is presented in Chapter [7] Note that the code is written in GAP and
publicly available (see [GAP| and |Ahr]).

1.1. Matrix Group Recognition Project

To further motivate the results of this paper, I want to give some more prospects of
the matriz group recognition project which is extracted from [OBr19].

Let n and ¢ be natural numbers such that GL(n,q) is the general linear group of
matrices of dimension n over the Galois field GF(g). Further G < GL(n,q) is the
matrix group generated by M, ..., M.

In this context, we say that we can solve the word problem for a group G :=
(M, ..., My) if we can write any given element M € G as a product of the ma-
trices My, ..., M. Furthermore, an epimorphism ¢ : G — H is called a reduction if ¢
is explicitely computable (which means that a computer can compute function values
and preimages) and if H is smaller than G. Here, we call H smaller if we can either
solve the word problem directly in H or it can be solved in fewer steps than in G.

The Composition Tree algorithm constructs a composition tree for the group G. This
is done by randomised constructive recognition algorithms that search for reductions
¢ : G — H. Simultaneously, homomorphisms ¢ : G — N are constructed where
N is the kernel of ¢. The algorithm continues recursively on H and N and builds
a Composition Tree until the word problem is solved in all leafs of this tree (see
Figure . Note that G/N = H. If we can solve the word problem in N and H, then
we can also solve it in G. Having solved the word problem in GG, we can obtain all the
desired information about the group.

Since the algorithms are randomised, we have to verify the results of the constructive
recognition algorithms. Since we know the properties of the leafs (e.g. the isomorphism
types), we construct a presentation for the whole group G using presentations for the
leaf groups. The presentations obtained in the next chapters can be used for this
purpose.
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Figure 1.1.: Examplary Composition Tree of the group G.






2. Mathematical Background

In this chapter we establish notation, give basic definitions and prove a few theorems
that should be observed independently from the work in the following chapters. Sec-
tion lists definitions and theorems. To understand the general ideas underpinning
this work it is essential to be familiar with the mathematical background outlined in

Section 2.2

2.1. Definitions and General Theorems

Here we define some notation which is frequently used in the following chapters.

Definition 2 (Normal Closure, [HEOO05|, page 14). Let G be a group and R C G a
subset of G. Then the normal closure of R in G, which will be written as (R)¢q, is
defined as the intersection of all normal subgroups N of G containing R. We set

(R)g = m N.

N<G, RCN

Theorem 3 (Inner Semidirect Product, [Hup67], page 89). Let G be a group with two
subgroups N,U < G such that G = NU, N <G and UNN = {1}. Then the following
holds:

(1) For every element g € G there exist a unique n € N and an element u € U such
that g = nu.

(2) For ni,ny € N and uy,uy € U we have (nqui)(nouz) = (nlngl )(urug) with

-1
nlngl € N and uiug € U.
Then we write G := NU = N x U and call G a semidirect product of N with U.

Related to the inner semidirect product is the outer semidirect product, which is
given for completeness.

Definition 4 (Outer Semidirect Product, [Hup67], page 89). Let H and K be groups
and ¢ : K x H — K : (k,h) — k" an action of H on K, such that for every h € H
the function (-, h)? is an automorphism of K. We define

G:={(k,h) | k€ K,he H}

with
(k1, h1)(k2, ho) = (k1 (k2, h1)?, hihs)



2. Mathematical Background

for all ki,ks € K and h1,ho € H. Then G is a group with the above defined multi-
plication and we write G := K x H and call it the outer semidirect product of K
with H.

Note that {id} x H < K x H is a subgroup and K x {id} < K x H is a normal
subgroup of the outer direct product K x H with the notation in Definition 4] Thus
those groups form an inner direct product of K x H.

Definition 5 (Permutation Group, [Ker71|, page 5). A permutation group G on
is a subgroup of the symmetric group S(2).

A similar concept is the wreath product.

Definition 6 (Wreath Product, [Hup67], page 95). Let G be a group and H a permu-
tation group on 2. Then the wreath product G H of G with H is the set

{(fym) | meH, f:Q— G}

with the multiplication

(f1,m1)(f2,m2) = (g, m172)
where g(i) = f1(2) f2(i™) fori € Q.

Now we list and prove a few theorems, which will be needed later. Note that they
are very general and could be helpful in many different proofs.

Theorem 7. Let G and H be finite groups, ¢ : G — H an epimorphism and N <G
and M < H normal subgroups such that

e G/N = H/M and
o N=M.
Then G and H are isomorphic.

The prerequisites of Theorem [7] state that this commutative diagram holds:

N — M
Proof. From the isomorphism between G/N and H/M it follows that |G/N| = |H/M|
and N = M implies that |[N| = |M|. Then
|G| = |G/NI||N| = [H/M||M] = [H]|.

Together with the epimorphism ¢, it follows that G = H. O
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Lemma 8. Let q := p°, p a prime, e € N and w € GF(q) a primitive element. Then
we have

qg—1

Proof. We know that (w%)2 =wil=1and thusw 2 =—1.
Suppose first that ¢ = 1 mod 4. Then q;21 is even and the terms of the sum can be
paired such that

g—=1_
5 1

Z W=+t 4wt
=0

Wt T 2w b WS
= (wo—i—w%)%— (w2+wq%1+2)+...—|—(wq%1_2+wq_3)

= (W’ — w?) + (w? —w2)+...+(w%1_2 —w%l_Q) = 0.
—_———

=0 =0 =0

Notethat2(‘1;21—1):(1_3:(%_2)4_@.
0

2
Now suppose ¢ = 3 mod 4. Then % is odd and we can reorder the sum to obtain

4*1_1

2
Z wi =W+t i
i=0

g—1_ g—=1 g=1_
:w0—|—w2—|—...—|—w 2 1—|—w 2 +1+...—|—w 7 1

q=1 q=1 q=1_ q=1__
= 4wz 4wz By twz T !

0 g—1

= —wl+? -t +wz L
Then it follows that

(1+w)(w0—w1+w2—w3:t...+wq71_1):wo—i—wT:1—1:0

q—1 1

We know that 14w # 0, thus .2,  w? =0. O

Lemma 9. Let q := p® € N, where p is a prime. Then we call
*: GF(¢%) — GF(¢%), x v a1

the Frobenius homomorphism. This map is an automorphism of GF(q¢?), the fived
field of = is GF(q) and we have x +y =T+ 7.
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See [Niel§| for proofs of those claims.

Definition 10 (Trace). Let k,e € N. Then we define the homomorphism

e—1
tr: GF(k%) = GF(k),z— Y _a™
=0

and call it the trace of an element.

Lemma 11. Let ¢ € N be a prime power. Then the kernel of the field homomorphism
tr : GF(¢?) — GF(¢?), 7 = x + 27 has order q and the image is GF(q).

Proof. Let w € GF(¢?) be a primitive element and suppose k € N such that w* €
Ker(tr), i.e.

W+ Wk = 0.
Then we obtain

W+ Wk =0 e Wk = —wh

2_
4 2 L +k(q_1)

2
g°—1
sh=w T Ve 1=
-1

5 +k(g—1) =0 mod ¢* — 1.

=4

This holds for all k = “Lm, where m € N is odd. The elements w*! and w2, for

2
k1 = q+1 _ g+l

1 = 55-mq and ky := “5=mg, are unequal for odd natural numbers m; # my and
k1,ks < q*> — 1. Thus we may choose any odd m < 2(q — 1) and the kernel has ¢ — 1
elements and zero, thus order gq.

It follows with the homomorphism theorem, that the image of tr has also order ¢

and for every x € GF(¢?) we have
tr(x)? = tr(x),
thus the image Im(tr) C GF(q) and it follows directly that Im(tr) = GF(q). O

Lemma 12. Let f : GF(¢?) — GF(q),a + a4t then the kernel of f has cardinality
| Ker(f)| = ¢+ 1.

Proof. Let w € GF(¢?) be a primitive element, « € GF(¢?) and k € N such that
a = wF. Then f(a) =1 & a9t =1 & W@t = (0 This holds if k = m(q — 1)
for some m € N. We have wb # w* for all 1 < k,k < ¢® and k # K. Thus
Ker(f) = {w™@1) | 1 <m < ¢+ 1} and the claim holds. O

10



2.2. Presentations

2.2. Presentations

In this section we introduce presentations of groups. The idea is to construct an
isomorphism between a group G and a quotient of a free group Fx. First we define
free groups.

Definition 13 (Free group, |[Joh90|, page 1). Let F' be a group and X C F a subset.
Then the group F' is called the free group on X if, for any group G and any map
f X — G, there is a unique homomorphism ¢y : F' — G extending f such that
x?f =l forallx € X,

From now on we will write Fx for the free group on a set X, where X 1is called the
basis and | X| the rank of the group Fx.

The following proposition highlights the importance of presentations. It states that
for every group G there exists a quotient group of a free group which is isomorphic to
G. As an implication we obtain that there exists a presentation for every group.

Proposition 14 ([Joh90], page 19). Every group is isomorphic to a factor group of
some free group.

Proof. Let G be a group and X a set of generators of G. Then we define the map
f:X — G,z — z. Then Definition[I3]states that there exists a unique homomorphism
¢r: Fx — G extending f. We obtain

\/

Fx/Ker(¢y)

where 7 is the canonical surjective map and @ is bijective because Im(pf) = G.
The isomorphism G = Fx / Ker(¢y) follows by the homomorphism theorem for groups
(see [Hup67], page 15). O

Now we define a presentation. For every presentation we specify a presented group,
which is a quotient group of a free group.

Definition 15 (Presentation of a group, |[HEOO05|, page 36). Let X be a set, Fx
the free group on X and R C Fx. Then we call {X | R} a presentation for the
group G := Fx /N, where N = (R)p, 1is the normal closure of R in Fx. We write
G=(X|R).

The elements of R are called relators and G is finitely presented if X and R are
finite sets.

Since we have seen that there exists an isomorphic quotient group of a free group
for every group G (see Proposition , it follows with the previous lemma that there
exists a presentation for every group G.

11



2. Mathematical Background

Proposition 16 ([Joh90], page 54). Every group has a presentation.

Proof. We use Proposition Let G be a group, X a set of generators of G and Fyx
the free group on X. Then there exists an unique homomorphism ¢ : Fx — G (see
the proof of Proposition and the proposition yields G = Fx/Ker(¢y). Now we
can write G = (X | Ker(yy)) and obtain the presentation. O

We know now that every group has a presentation. For our purposes we are inter-
ested in finite presentations, which means that the number of generators and relators
is finite. Since we use this kind of presentation a lot in subsequent chapters, we define
a shorter notation for simplicity.

Definition 17 ([Joh90], page 41). Let G be finitely presented by {X | R} with X :=
{z1,..., 2} a set, Fx the free group on X and {ri,...,rm} =t R C Fx. Then we
write r; = ri(x1,...,xy) € Fx and call r; a relator of G. From now on we also use

{z1,...yxn |11,y Tm}
as a notation for a finite presentation.

The main task in this thesis is to determine presentations for the finite classical
and related groups. We do this by seeking homomorpisms between a group G and a
presented group. If we can prove that those two groups are isomorphic, then the pre-
sentation is a presentation for G. The next proposition offers a way to show that a map
from generators of a free group to elements in GG can be extended to a homomorphism
from the quotient group of the free group to G.

Proposition 18 (Substitution Test, [Joh90|, page 56). Let (X | R) be a presentation
of the group G, H another group and ¢ : X — H a map. Then ¢ extends to a
homomorphism ¢" : G — H if and only if, for all x € X and r € R, the result of
substituting =¥ for x in v yields the identity in H, thus r(z¥,...,x7) = ey for all

re R if X ={x1,...,zn} is a finite set.

Proof. Let ¢ : X — H be a map. Then this map extends to a unique homomorphism
¢+ Fx — H, because Fx is the free group on X.
Now the homomorphic extension ¢” : G = Fx/R — H, gR — ¢'(g) is well-defined if
the images are independent of the representatives, thus for all g € F'x and r € R
¢'(gr) = ¢'(9)
s o (r)=¢ (r(z1,...,2,)) =idy
& r(xf/, )y =rf, . xf) =idy .

It follows that R C Ker(¢').
Conversely, let R C Ker(¢'). Then ¢” : G — H is independent of the representatives
of G and thus ¢” is well-defined. O

This last proposition is used frequently to prove the correctness of presentations.

12



2.2. Presentations

Proposition 19 ([Boul3|, Proposition 4.7). Let G := (X), H < G and S = U]_;Hgy;
for some g; € G and gy = 1. If gga € S for alla € X UX ™!, then G = S. If we know
that the order |x| is finite for all x € X, then it is enough to show that g;a € S for all
reX.

Refer to [Boul3] for a proof of this proposition.

Now we define the length of a presentation. The shorter the length of a presentation,
the faster is the evaluation of the relations on the generators of some group G. Since
a main aspiration of this work is to verify isomorphisms between a group G and a
classical or related group in a fast and efficient way, we aim to give presentations that
are as short as possible. For this purpose we define the bit-length of a presentation,
which essentially counts the number of generators and the number of multiplications
used in the relations.

Definition 20 (Bit-Length, [LGOB19|, page 4). The bit-length of a presentation
{X | R} is defined as |X| plus the total number of bits required to encode the words
in R as strings over the alphabet X U X1, where all exponents are encoded as binary
strings.

Leedham-Green and O’Brien show in [LGOB19] that for every classical group there
exists a presentation whose bit-length is limited by some linear function depending on
the rank of the group and the field over which it is defined.

Theorem 21 ([LGOB19|, page 5). Fvery classical group of rank r defined over GF(q)
has a presentation on its standard generators with O(r) relations and total bit-length
O(r +logq).

All the presentations given in the next chapters (except for the Coxeter presentation
of the symmetric group in Lemma are of length limited by the function given in
Theorem [2I] We call those presentations small.

13






3. Symmetric Group S,

We state two presentations of the symmetric group in this chapter. The symmetric
group is closely related to the alternating group, which yields one family of finite
simple groups. Before we look at the presentations, we analyse the elements in the
group. This helps us to prove the correctness of the presentations.

Definition 22 (Symmetric Group, [Hup67|, page 24). The symmetric group S, :=
{f:{1,....,n} = {1,...,n} | fbijective} is the group of all bijections on a set of size
n. We write the elements of Sy, as permutations, hence as products of disjoint cycles,
and the action of a permutation g € S,, on an element m € {1,...,n} as m9.

For a presentation of the symmetric group, we need to know a bit more about the
group. We want to find sets of generators of the symmetric group and the next lemma
is useful for that purpose.

Lemma 23. Every transposition 7, = (i,1 + 1) € S, can be written as a product of
7 = (1,2) € S,, and the n-cycle g := (1,2,...,n) € S,,.

Proof. We verify this by induction.

e Base Case: Let i := 2. Then we have g 'mg = (n,...,1)(1,2)(1,...,n) = h

and
2" =z forall z € {1,4,5,...,n}.

Also 2" = 3 and 3" = 2, thus h = (2,3) = 7.
e The induction hypothesis is that 7; = g~*T1r ¢! holds for ani € {1,...,n—1}.

e Induction Step: Now ¢ — ¢+ 1. Then 1t follows that g ingt =g lg 1)7'19 g
and with the induction hypothesis g~ '¢~ " Yrg~lg = g r_19 = (n,...,1)(i—
1,7)(1,...,n) =: h. Again

eh=x forallz e {1,2,...,i—1,4,i+3,i+4,...,n—1,n}
and i" =441 and (i +1)" = 4. Hence h = (i,i+ 1) and the assumption follows.
O

We have shown that two permutations suffice to construct any transposition (4,4 +
1) € S,,. We are able to determine two different sets of generators of the symmetric
group from this result.

15



3. Symmetric Group S,
Lemma 24. The symmetric group Sy, is generated by (1,2) and (1,...,n) or the set
of adjacent transpositions (i,i+ 1) fori € {1,...,n—1}.

Proof. 1t is proven in [Beu94], page 211, that S, = ((1,2),...,(n — 1,n)). From
Lemma 23| we know that every transposition (i,7+ 1) with i € {1,...,n — 1} can be
written as a product of (1,2) and (1,...,n). Also (1,2),(1,...,n) € S,, thus

((1,2),(1,...,n)) =S,.
O

We obtained two different generating sets of the symmetric group and the next
section defines a presentation on each set.

3.1. Presentation
In this section we want to prove that the group presented by the short presentation
(X |R}={UV|U?=V"=UV)" ' = WUV =UU)>=1for2<j<n/2},

which was given [Moo96|, p.357-367, is isomorphic to the symmetric group S,, for
n > 2. A few steps are needed for the verification of this claim. We show that there
exists another presentation

{X ‘ R} ={7,.., a1 | Ti2 = (Tiﬂ;_,_l)g = (TiTj)Q =1Vj>i+1}

for the symmetric group S,,. Then we use this presentation to prove the existence
of the epimorphisms ¢” : (X | R) — S, and 6" : (X | R) — (X | R). If all these
requirements hold, then it follows that ¢” is isomorphic and the presentation (X | R)
is correct.

First we prove that the presentation {X | R} is a presentation of S,,. Thus we show
the existence of a well-defined isomorphism x” : (X | R) — S,,.

Lemma 25 ([M0096| and [Boul3|, p.13). The symmetric group S, has the presenta-
tion

{X ‘ R} = { Tlye-vyTn—1 ‘ 7‘1.2 = (TiTi_H)g = (7'@"7']')2 =1 Vj > q + 1 }
forn > 2.

Proof. Let x : X — S,, be a map with 7; — (i, 4+ 1). The group S, is generated by
{(1,2),(2,3),...,(n—1,n)} by Lemma[24] and we have

o il(1,...,Tno1) =712 fori € {1,...,n — 1}. Thus

FHS T ) = (6,0 + 1)? = idg,

n—

16



3.1. Presentation

o 72(T1,. .. Tno1) i= (3ig1)> for i € {1,...,n — 2} and

PR ) = (i + 1)+ 1,0+ 2))3
=(i,i+2,3+1)3=idg, .

o #F3(ri,...,Tno1) = (rimig)? fori € {1,...,n — 3} and j > i + 1. Thus
R ) = (6 + )0, + 1) = ids,
because i,7 4+ 1,7 and j 4+ 1 are pairwise distinct.

Let N := (R) Fy- 1t follows with Lemma that there exists a homomorphic extension
X" : Fg/N — S, of x, which is also surjective since N < Ker(x"). Thus |Fg/N| >
| Sy | = nl.

Now we call G,, the group presented by {X | R} for some n € N. We use induction
to show that |G| < n! for all 2 <n e N.

e Base Case: Assume that n :=2. Then G, := (r1 | 72) and |G,,| = 2 = 2L.
e Induction Hypothesis: |G, < n! for an arbitrary but fixed n € N with 2 < n.

e Induction Step: Let 2 < n € Nsuch that |G,,| < n!. We define H := (12,...,7,) <
Gp+1. We can renumber the generators of H to 7q,...,7,—1 and obtain that the
relations of G, are satisfied. We apply the induction hypothesis and it follows
that |H| < nl.

We want to prove that |Gp41 : H| < n+ 1. Since x"(H) = S,, is a stabilizer of 1
in S,+1, we obtain that {go,...,gn} is a coset representation where x”(g;) maps
1toi+1 for any 0 < ¢ < n. Thus we choose go =1 and g; =711 ---7; € Gpy1. We
define S := U]_jHg; and we need to prove that S = G,,. Using Proposition
we obtain that it is sufficient to prove that g;7; € S for all 0 < 4,5 <n.

Case 1 Let j > ¢+ 1. Then it follows that g;7; = 7;9; € S since 7; € H.
Case 2 Let j =i+ 1. Then we have ¢;7; = g;+1 € S.
Case 3 Let j = 1. Then we have g;7; = gi—1 € S.

Case 4 Let j < i. Again we use induction and show that g;7; = 7j419; € S for
alll1<i—j<n-—1and 1j41 € H.
— Base Case: Assume that ¢ — j = 1 with ¢ > 2 and j = ¢ — 1. Then
9iTj = Gi—2Ti—1TiTi—1 = §i—2TiTi—1Ti = Tigi—2Ti—1Ti = Tigi = Tj+19i € S.
— Induction Hypothesis: The claim holds for an arbitrary but fixed n € N.

— Induction Step: We assume the induction hypothesis and show that the
claim holds for n +1 = ¢ — j. Then we obtain g;7; = ¢;—177j = g;i—17j7; =
Tj+19i-1Ti = Tj+19; € S.

Hence |Gpy1: H <n+1and |Gpt1] < (n+ 1)L
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3. Symmetric Group S,

Now x” is an isomorphism and Lemma [25| follows. O

In the next lemma we show that there exists a subgroup M < (X | R) such that
(X | R)/M =8,

Lemma 26. Let ¢ : X — S,, be a map with U — (1,2) and V — (1,...,n). Then
there exists a surjective homomorphic extension ¢ : (X | Ry — S, of ¢.

Proof. Lemma [24] states that ((1,2),(1,...,n)) = S,. Hence ¢ is surjective. Using
Proposition [1§] it remains to show that for every r € R the substitution of x € X by
z¢" is equal to the identity in S,.

e 71(U,V) :=U? Then

r (U9, V9") = (1,2)? = ids,,.

o 75(U,V) := V" Then

ro(U?" V) = (1,...,n)" = idg

e r3(U,V) := (UV)"" L. Then

rs(U?" V) = (1,2)(1,...,n))" ' = (1,3,4,...,n)" ' =idg, .

e 74(U,V):= (UU")3. Then

ra(U?, V") = ((1,2)(1,2) ) = ((1,2)(2,3)) = (1,3,2) = ids, .
o r5(U,V) = (UUY")2 for 2 < j < n/2. With Lemma [23] it follows that

rs(UF, V) = ((1,2)(1,2) )2 = ((1,2)( + 1,5 +2))° 2 ids,
where 1) follows because 1,2, j + 1,j + 2 are pairwise distinct.

Thus there exists a surjective homomorpic extension ¢” : (X | R) = Fx /N — S, of ¢
where N = (R)p, . O

We have shown that there exists an isomorphism x” : (X | R) — S, and an
epimorphism ¢” : (X | R) — S,. The next step is to show that there exists an
epimorphism 6" : (X | R) — (X | R). The proof is similar to the proof of Lemma

Lemma 27. The map 6 : X — (X | R) = Fx/N with 7; — UV'"'N, where N =
(R)Fy , extends to an epimorphism 0" : (X | Ry — (X | R).

Proof. Again Proposition is used to verify that there exists such an extension.
When substituting # € X by #¥ in the relations in R then the result should be N.

18



3.1. Presentation

o il (71,...,Tn1) ;=71 forani € {1,...,n — 1}. Then

(7], my) = (UVTN)
1:) V—(i—l)Uvi—lv—(i—l)Uvi—lN
— V—(i—l)U2vi—lN

2 v--Dyi-1y — N

where 1) follows because N is a normal subgroup and 2) from the relation U? € R.
o 72(ry,...,Tn-1) = (TiTiz1)® for an i € {1,...,n — 2}. Then
P2l 0 ) =WV NUV'N)?
Y (v-G-Dgyvitly-igyipEy
=V Dovluv)vitiN
— V*(ifl)(UUV)?)‘/ile
2

2 V*(’L’*l)vile - N

where 1) follows again because N is a normal subgroup and 2) because (UUY )3
is a relation in R.

o #3(71,. ..y Tno1) i= (7mipg)? forani € {1,...,n — 1} and [ > 1. Then
Bl = (U NUVTTIN)?
(Uvz 1 Vz+l71)2N
( Z 1 le 1V (l+l*1)Uv’i+l*1)2N
2 y-aD@y-lyvh2vi-in
y-=Dyi-ly = N

where 1) follows once again because N is a normal subgroup and 2) because
(UUY")? is a relation in R for | > 1.

Now such an extension " exists and (R) Fy = N < Ker(#"), thus we obtain that this
extension is also surjective. O

Everything is ready to prove that the short presentation given in Theorem |28|is a
presentation of the symmetric group S,.

Theorem 28. For n > 2 the symmetric group Sy, has the presentation

(X |Ry={UV|D2=V"=OUV)" ' = WUV =(W0U"" )2 =1for2<j<n/2}
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3. Symmetric Group S,

Proof. By Lemma [26] there exists an epimorphism ¢” : (X | R) — S,,, thus
(X [ R)/M =Sy,

for a subgroup M < (X | R).
On the other hand it is known by Lemma 25| that there exists an isomorphism x : S,, —
Fy/N and Lemma implies that there is an epimorphism 6” : (X | R) — (X | R).
Thus X o

Sn /M= (X | R)/M = (X | R)

for a subgroup M < S,, and an isomorphic subgroup M < (X | R).
Sh.

It follows that (X | R) & S,, and {X | R} is a presentation of O

We have shown that there exists a short presentation of the symmetric group. Note
that the presentation given in Lemma is not a short presentation. Only the pre-
sentation given in Theorem [28|is short.
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4. Group of Sighed Permutation Matrices
of Determinant 1 SH,,

The group of signed permutation matrices of determinant 1, in short SH,,, is isomorphic
to a subgroup of the hyperoctahedral group H,, which is the group of all signed
permutations on the set {#1,...,+n}. This chapter starts with the definition of signed
permutations and the hyperoctahedral group in Section In the next section we
define the group of signed permutation matrices of determinant 1 and Section [4.3| gives
a presentation for this group.

4.1. Hyperoctahedral Group H,

This section defines the hyperoctahedral group H,,. We start by defining signed per-
mutation cycles. Using those cycles we can easily define general signed permutations.

Definition 29 (Signed Permutation Cycle, [LGOB19|, page 7). A signed permuta-

tion cycle (ay,...,q)¢, with e = £1 and a; € {£1,...,£n}, is a permutation where
la1], ..., |a| are pairwise distinct and for e = +1 we define
(a1,...,a))" == (a1,...,aq))(—a1,...,—a).

For e = —1 we define
(a1,...,aq;)" = (a1,...,a;,—ai,...,—a).

We can already observe that a; — a; implies that —a; — —a;. Remembering the
signification of cycles for permutations in the symmetric group (every permutation
can be written as a product of permutation cycles), we define signed permutations in
a similar way.

Definition 30 (Signed Permutation). A signed permutation on {£1,...,+n} is a
product of signed permutation cycles on {£1,...,4+n}, as defined in Definition .

Now we prove the observation that we already made looking at the permutation
cycles. We state that the negation of a number a is mapped to the negation of a™ for
any number a € {£1,...,+n} and signed permutation 7.

Lemma 31. Let m = (a1,...,a;)¢ be a signed permutation cycle with ¢ = +£1 and
a; € {£1,...,+n}, we have a™ = —(—a)™ for every a € {£1,...,+n}.
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4. Group of Signed Permutation Matrices of Determinant 1 SH,,

Proof. Let a € {£1,...,£n}. If a # a; and a # —a; for all i € {1,...,l}, then
a” =a=—(—a)".
Now let a = a; for some i € {1,...,l} and ¢ = +1. Then with Definition |29 it follows
that

al,...,a —QA1s...,—Q
(Lﬂ—:a;r:al( 15005,07) (= @1 5eeey l):aiJrl

= —(—aip1) = —(—ay) @00 — ()T = —(—a)T,

where a;11 = —ay if ¢ = [. Now let ¢ = —1. Then it follows again with Definition
that

7r m_ (a1,.a,—a1,..,—a)

a =a; =a; = Qi1
= —(—ai41) = _(_ai)(al,---vaz,—ah---,—az) = —(—a)" = —(—a)™,
where a;41 = —ay if i = 1. If a = —a; for an i € {1,...,l}, then we can rename
d; := —a; and a = G; for an i € {1,...,l}. The permutation 7 = (a1, ...,a;) is equal
to 7, thus the claim follows. O

Now we define the hyperoctahedral group as the group of all permutations that fulfil
the requirement that a™ = —(—a)”™ for a € {£1,...,£n} and 7 is a permutation on
the set. Note that we have shown in the previous lemma that the signed permutation
cycles satisfy this requirement.

Definition 32 (Hyperoctahedral Group). The hyperoctahedral group H,, is the
group of permutations w of the set {£1,...,£n} with a™ = —(—a)”.

Since the signed permutation cycles lie in the hyperoctahedral group, we can deduce
that the signed permutations (that are products of signed permutation cycles) also lie
in the group. We prove that the hyperoctahedral group is exactly the group of all
signed permutations.

Theorem 33. The hyperoctahedral group H,, is the group of all signed permutations
on {£l,...,£n}.

Proof. We fixn € N and define G as the group of all signed permutations on {+1,...,£n}.
For any m € G that consists of only one distinct non-trivial cycle it follows with
Lemma that # € H,. For a product mymy € G of signed permutation cycles and

a € {£l,...,£n} we have

a™i™2 — (a7r1)7r2 — (_(_a)m)m — _((_a)ﬂ’l)ﬂ'g _ _(_a)ﬂ'lﬂg

for any a € {£1,...,£n} and thus every element of G lies in H,.
Now let # € H,. Then we have w(a) = —n(—a) for every a € {£1,...,£n} by
Definition [321

o If a™ =a for all a € {£1,...,4+n}, then 7 = id and thus 7 € G.
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4.2. Group SH,

o Ifitisa™ =bforana € {£1,...,£n} and a # b € {£1,...,£n}, then it is also
(—a)™ = —a™ = —b.

We define M := (a,d”,..., a”lil), where [ is the smallest natural number with

il

a™ = a. We know that there exists a m; € H,, such that M and m; are disjoint

cycles and m = M.

Assuming that —b € M, it follows directly that —a € M and that there exists a
k € N with k < [ and a™ = —a. Thus M is a signed permutation and can be
written as

M = (a,ad",...,a™ ,—a,(—a)",...,(—a)" ).

Now we assume that —b ¢ M. Since —a ¢ M, it holds that (—a)™ = —a™ = —a
and we define

M = (—a,(—a)",...,(—a)"

The permutations M and M are distinct and there exists a mp € Hy, which is
also distinct to M and M, with m# = M7 = M Mmy. Note that M M is a signed
permutation.

For m; resp. mq it follows recursively that they are a product of signed permutations,
thus 7 is a also a signed permutation and 7 € G. It follows that H,, = G. O

Now that we have specified the hyperoctahedral group, we look at a subgroup and
an isomorphic group.

4.2. Group SH,

Before we define the group of signed permutation matrices of determinant 1, we look
at a group which is isomorphic to the hyperoctahedral group. This is the group of all
signed permutation matrices. A signed permutation matrix is related to a permutation
matrix, but there might exist entries unequal to 0 and 1.

Definition 34 (Signed Permutation Matrix). A signed permutation matrixz M €
R™ ™ of degree n is a monomial matrix where the non-zero entries are £1. We denote
the set of signed permutation matrices of degree n Hf‘b/[

We define a map from signed permutations to signed permutation matrices. Later
we show that this map is an isomorphism.

Definition 35. Let w € H,, be a signed permutation on {£1,...,+n}. Then we define
o(m) = My € R™™ as the correlating signed permutation matriz, explicitely

+1, if i"=7
¢:H, —HM 7 M, with (My);; =4 —1, if i" =—j
0, otherwise.
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4. Group of Signed Permutation Matrices of Determinant 1 SH,,

Example. Let (1,2)7(4)” =: m € H4. Then we obtain with Definition [35| that

0 =10 0
1 0 0 0
PM=109 0o 1 o0
0 0 0 —1

Note that this matrix has determinant det(M,) = —1.
We show that the map ¢ is an isomorphism and deduce that the group of signed
permutations and the group of signed permutation matrices are isomorphic.

Lemma 36. The group of signed permutation matrices ny s tsomorphic to the hy-
peroctahedral group H,.

Proof. See [Fra66]. We use the function ¢ : H,, — HY defined in Definition The
map ¢ is injective, because if we have m, 7 € H,, with ¢(7) = ¢(7), then 7 = 7 follows
directly from Definition

Let {e1,...,e,} be the set of standard basis vectors of R, M € M, a signed
permutation matrix of degree n and sgn : Z — {£1}, =|n| — £1 the signum function.
Then we define mps @ {£1,...,£n} — {£1,...,£n},i > j such that sgn(i)Me) =
sgn(j)e|j.- The function 7y, is a well-defined permutation because of the properties of
the signed permutation matrix M in Definition (namely that there is exactly one
non-zero entry in every column and line). Since —(sgn(i)Mey;) = sgn(—i)Me|_;|, we
have (—i)™ = —j = —{™ and ), is also well-defined as a signed permutation.

Thus ¢ is an isomorphism and the lemma follows. O

The next theorem inspires our proof of the correctness of the presentation given in

Section .31

Theorem 37. The hyperoctahedral group Hy, is isomorphic to the wreath product Ca
Sn = (Cg)n X Sn

Proof. See Definition [] and Definition [6] for the definition of wreath products and
semidirect products and [Ker71], page 39, and |[Fra66| for the proof. O

We finally give a definition of the group of signed permutation matrices of determi-
nant 1. In the next section we look at a presentation of this group.

Definition 38 (Group of Signed Permutation Matrices of Determinant 1). Let n € N
and HM be the group of all signed permutation matrices. Then we define

SH, := {M € HM | det(M) =1} < HY
and call it the group of signed permutation matrices of determinant 1.

Lemma 39. The group SH,, is isomorphic to a subgroup of the hyperoctahedral group
H,.
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4.2. Group SH,

Proof. Since the groups H,, and HY are isomorphic, this follows directly. O

Before stating a presentation of the group SH,, and proving its correctness, we need
to find a generating set to build a presentation on. A generating set is presented in
the next theorem - note the similarity to one of the generating sets of the symmetric

group (see Theorem [24).

Theorem 40. The group SH, is generated by o(u) and ¢(v), where u = (1,2)7,
vi=(1,...,n), e:= (=1)"*! and ¢ as in Definition .

Proof. We have

0 -1 0 0
1 0 0 0
o(u) = 0 0 1 0
I ¢
0 0 0 0 1
with det(p(u)) = 1 and thus ¢(u) € SH,,. Also
0 0O el
1 00 0
o(v) = 010 0
oo 0
000 0 O

with det(p(v)) = 1 for e = (—1)"*1. Thus ¢(v) € SH,, and (p(u), ¢(v)) C SH,,.

Now let M € SH,, then we know that M is a signed permutation matrix. There
exists a matrix NV € (p(u), ¢(v)) such that the non-zero entries of M and NN are similar.
Thus there exists a diagonal matrix D with entries &1 such that M = DN. We have
det(M) = det(D) det(N) < det(D) = 1.

Consequently the matrix D has an even number of negative entries, say [ is the

maximal set such that D;; = —1 for ¢ € I. Then |I| is even. We obtain
-1 0 0 0 1 0 0 0
0O -1 0 ... 0 0O -1 0 ... 0
SO(U)Q — 0 0O 1 ... 0 and (¢(u)2)w(v) -0 0 -1 ... 0
SRR SR
0O 0 0 0 1 0 0 0 0 1

Via a proof of induction it follows that

((p(u)?)2),; = {1’ I +.1 ory =i

1, otherwise
forj <n—1landi € {1,...,n}. Multiplying those matrices we can obtain any diagonal
matrix with diagonal entries £1 and an even number of negative entries and thus we
obtain the matrix D as a product of the matrices {(¢(u)2)¥™ |0<j <n—1}. As
a result it follows that DN = M € (p(u), p(v)) and SH,, C (p(u), @(v)). O
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4. Group of Signed Permutation Matrices of Determinant 1 SH,,

4.3. Presentation of SH,,

In this section we provide a presentation of the group of signed permutation matrices
of determinant 1 on the generators defined in Theorem

To make this section more readable, we set some notation in the next remark that
is used until the end of this chapter.

Remark 41. Let n € N and the dimension of the matrices is n X n. Further ¢ :=
(=) w = (1,2)" and v := (1,...,n)¢. Then we define

M, = ¢(u) and M, = ¢(v),
where My, M,, € SH,,. We know from Theorem that (M, M,) = SH,,.

We show the correctness of the following presentations of the group of signed per-
mutation matrices of determinant 1.

Remark 42. The group SH,, has the presentation
(X' | Ry} = {U V' | Ut =0V 2y =y =o'Vt = 0'u'V')?
=[U, UV =1 for2<j<(n+1)/2}
for an odd n € N and
{X"| Riypen} = { U V' | U =0T = (U =V U=V =1
V= (V)L 0T =1 for2 <G < (n41)/2)
if n is even. We write {X' | R'} if we want R to change according as n is odd or even.

The proof of the correctness of those presentations resembles the proof in Chapter
since we use Proposition[I8|to show the existence of an epimorphism from the presented
group (X’ | R') in the group SH,,.

Lemma 43. There exists an epimorphism 1 : G' = (X' | R') — SH,, with¢(U") = M,,
and (V') =

Proof. We have
,—1,-2)* =id,

= (1,2

(1)~ (@)7) L D7 (1)~ (2) (1)~ (2) 7))
(273" ()72 (2)7B3) =)
K,ﬂ(( 2)7) )P = ((1,2)7(2,3)7)°
((
(1
(1

2vu 2 21}

(uu")?

,3,-2)(—1,-3,2))® = id and
,) LG+ Li+2)7]

2)7) NG+ Li+2)7) N (L2) (1 +2)7
=id for2<j < (n+1/2).

fu, u’]
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4.3. Presentation of SH,,

For an odd n € N we have

Thus the relations also hold for the matrices M,, and M, the requirements for Propo-
sition [18] are fulfilled and % is an epimorphism. O

We use Theorem [7] to prove the isomorphism between the generated group (X' | R’)
and the group SH,. Thus we need to prove all the prerequisites first. We start by
providing a normal subgroup of SH,,.

Lemma 44. The set A := ({a; == @((u2)"" ") | 1 <i < n}) is a normal subgroup of
SH,,.

Proof. We have a; = ¢((i)"(: +1)7),
e @) = () + D)) = (i +1)7((+2)7 = ¢ ain)
for i <n and
P Han)" = ()7 (2)” = (1)7(2)” = ¢ (a).
Thus aﬁw“ € Aforeveryie{l,...,n—1}.
For ¢ > 2 it is afw“ = q;. If i =2, then we have
P @) = (273 =(1)"3)” = ¢ H(aran).

And for i = 1 we obtain ¢ '(a;)* = ((1)7(2)7)™?" = (1)7(2)" = ¢ '(a1). So
af\/[“ € A for every ¢ € {1,...,n — 1}. Since M,, and M, generate SH,,, it follows that
a™ € A for every a € A and M € SH,, and A is a normal subgroup of SH,,. O

We have shown that there exists a normal subgroup A < SH,,. The next lemma
states that SH,, /A = S,,. In the succeeding lemmata we show that there exists a
normal subgroup A’ < (X' | R’) such that (X' | R')/A’ =S,

Lemma 45. Let A be as in Lemma [{4 and SH,, the group of signed permutation
matrices of determinant 1 and degree n. Then SH,, /A is isomorphic to the symmetric
group Sy,.
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4. Group of Signed Permutation Matrices of Determinant 1 SH,,

Proof. We use the same notation as in Theorem Let ¢ : X — SH,, /A be a map
with U? = M,A and V® = M,A. Then according to Proposition there exists
an epimorphism ¢” : S, & Fyx/(R)p, — SH,, /A if r;(U®,V?) € A holds for every
relation r;(U, V) € R.

e 1 (U,V):=U? Then
r(U?, V) = (p(u)A)? = p(u)®A = p((1)"(2) )A = A.
e ro(U, V) := V" If nis even, it follows that
ra(U?,V?) = (p(v)A)" = ()" A= p((1)" - (n))A = A.
And if n is odd, we obtain
(U, V) = (p(v)A)" = ¢(v)"A = idsn, A.
e 73(U,V):= (UV)""L. Then
rs(U V¥") = (plu) A() A" = (plun))" A = p(((1,3,...,m))" ") A,

which is equal to ¢((1)™---(n)7)A = A for even n and idgy, A for odd n.

e 7,(U, V) := (UU")3. Then we obtain

1 1

ra(U", V") = (p(u) A(p(u) A)PO) = o((uu?)?) A
= o(((1,2)7 (2, 3)_)3)A = »(((1,3, _2)+)3)A = A

o r5(U,V) = (UUY")2 for 2 < j < n/2. Then we have

(U9, V") = (p(w) Alp(u) A) FOD)2 = o((uut”)?) A
P(((L2) (. +1D)7T)HA=o((1)7(2)() "G+ 1)7)A = 4,

and either j = 2 and thus ¢((1)7(j +1)7) € A or j # 2 and ¢(((1)7(2)7)
()~ G+1)7)) € A

Thus there exists an epimorphism ¢” : S,, — SH,, /A.

Now let ¢(m)A € SH, /A be an equivalence class. Then we know that p(7)A =
{o(m)a | a € A}. Let ¢(7) € H, be a matrix where all entries are 1 or 0 with
™| = |i*|. If det(p(7)) = 1, then p(7)A = {p(7)a | a € A}. And if det(p(7)) = —1,
then o(m)A = {¢((1)"7)a | a € A}. Using Lemma [24] we know that there exists an
element o € ¢(m)A that is generated by ¢(u) and ¢(v) for every ¢(m)A € SH,, /A and
if follows that ¢” is also injective and thus an isomorphism. O

Similarly to A <SH,, we need a subgroup A’ < (X’ | R’) to fulfil the prerequisites of
Theorem [7l
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4.3. Presentation of SH,,

Lemma 46. The set A’ := ({a}, := (U?)V"" | 1 <i < n}) is a normal subgroup of
the group G' := Fx://N', where X' and R' are defined as in the presentation
{X/ | R/} = { U/ V/ | U/4 — U/QV/U,U/QUIQV, — Vln — (Ulvl)n—l — (U/U/V,)g
=[U, UV =1 for2<j<(n+1)/2}.

and N' = (R')r,, is the normal closure of R’ in Fx.

Proof. Forli € {1,...,n — 1} we have a}V" = a; 1. For i = n we obtain al’ =
(U)W = (U™ = U”? = d], because V'™ = id is a relation in R’. Thus
aV' e A for every i € {1,...,n —1}.

1
Furthermore we have a’lU/ =a} € A'. Since there exists the relator U’ VUV ¢

R', we obtain

’ . / _ _
a’zU a’lalz =id & a’2U = a’2 1(1'1 1 a’2a’1 c A

For 2 < i < n we have

(I(U, — U/_l(U/2)V/i71U/ — U/—l(U/V’ifl)QU/
— UlilU/Vli_lU/U/Vli_l — U/*lU/(U/V/i_1)2 — a;)

because of the relator [U’,U"Y”] € R'. Thus A’ is a normal subgroup. O

Now that we have a normal subgroup A’ < (X’ | R), we show that the quotient
group (X’ | R')/A’ is isomorphic to the symmetric group S,,. We can thus derive that
(X' | R')/A" = SH,, /A.

Lemma 47. Let A’ be as in Lemmal[{f and G = (X'|R') the group that is defined by
the presentation in Remark . Then G/A’ is isomorphic to the symmetric group Sy,.

Proof. We define ¢ : X — G/A" with p(U) = A'U" and (V) = A’V’, where X is the
set in Theorem 28 Since we have

(A/U/)Q — AI7

(Alvl)n — A/vln — 14/7

(A/U/A/V/)n—l — A/(U/V/)n—l — A/,
(A/U/(A/U/)A’V’)S A/(U/U/V’)?) — A and
(A/U/(A/U/)(A’V’)j)Q A/(U/U/V’j)Z _ A/Ulfl(U/V’j)flU/U/V’j

AU, UV = A for 2 < j < (d+1)/2,

we obtain that there exists an subjective homomorphic extension ¢” : S,, — G /A’ by
Proposition Furthermore we obtain U? = id and thus

(A/U/4)go*1 _ (A/UIQV’U’UIQUIQV’)go —id.
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4. Group of Signed Permutation Matrices of Determinant 1 SH,,

Also

(A/V/n)go_l _ (A/(U/V/)n—l)ap_l _ (A/(UIU/V/)Z&)@_l —id
and _ ) ' _ _

AU, oV e =u YoV tovuY = wuY)? =id.
For even n € N it follows that (A'/[V™™ U'])?" = V"U~V"U = U~'U = id and
AV = id.
Using Proposition we obtain ¢! is a well-defined homomorphism and ¢ is an
isomorphism. ]

Proposition 48. Define A as in Lemmal[{/ and A’ as in Lemma[/6, Then A= A’.

Proof. We remember that A := ({a; := e((W2)* ) |1 <i<n})and A := ({d] :=
(U)V" |1 < i< n}) and define

v A— Aa;— al.

We know that a2 = o((u2)*" )2 = o((u?)*™") = p(id”" ) = id and (a})? = (U"2)V"")2 =
(U ’4)‘/”_1 = id using the relations of the presentation in Remark Also a; and a;
commute for 1 < ¢,j < n, because both are diagonal matrices (see proof of Theo-
rem . Using the relation U2V'V'U2U"Y" = 1 in G, we follow that a/ a)al, =

1 & aV" = dhdy. Now (a')? = 1 implies that (aha!)? = 1 < dhalaha) = 1 &
ay tailaha) = 1 and thus af and a, commute. From the relation [U7,U"V”] = 1 for

3 <j <n—1 we can conclude that | and a; commute and thus a; and a} commute
forall 1 <4i,j <n.
Consequently the map ) is a well-defined isomorphism and the result follows. [

We have shown all the prerequisites of Theorem [7]and we combine this to prove the
correctness of the presentation {X’ | R’} for the group of signed permutation matrices
of determinant 1.

Theorem 49. There exists an isomorphism G' = SH,, between the group G’ of the
presentation in Remark[{4 and the group SH,,.

Proof. We show the isomorphism by using Theorem [7] According to Lemma [43] there
exists an epimorphism ¢ : G’ = (X’ | R’) — SH,,. As shown in Lemma [44] and
Lemma, there exist normal subgroups A < SH,, and A’ < G’ such that A = A’
(which is proven in Proposition [48)). Furthermore we have G'/A’ = S, = SH,, /A with
Lemma [45] and Lemma [47] Thus all the requirements for Theorem [7] are fulfilled and
the correctness of the presentation in Remark [42|is proven. O
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5. Special Linear Group SL(2, q)

This chapter gives presentations of the special linear group SL(2,q) of degree 2 de-
pending on ¢. It is divided into two sections. In the first one I define the special
linear group and present generators of SL(2,q). In the second section I list various
presentations for SL(2, ¢) and PSL(2, q).

Throughout this chapter we use the presentations of SL(2, ¢) and PSL(2, q) as given
in |[CR80] and [CRW90| and modify them to obtain presentations on the standard
generators defined in [LGOB09|, page 841. The generating set and presentations by
Campbell, Robertson and Williams can be found in Appendix [A]

5.1. Definition and Generators

We start with definitions of the groups and give a generating set for the special linear
group of degree 2.

Definition 50 (Special Linear Group, |Hup67], page 177). The special linear group
over the field K of degree n is defined as

SL(n,K) := {M € GL(n,K) | det(M) =1} < GL(n, K).

We study the special linear group of degree 2 over some finite field. Hence we have
K = GF(q) for some ¢ = p®, p a prime and 1 < e € N, or K = GF(p), if K is a
field of prime order. We can thus change the notation and write SL(2, q) instead of
SL(2, GF(q)), since this is shorter.

Definition 51 (Projective Special Linear Group, |[Hup67], page 177). The projective
special linear group is defined as

PSL(2,q) := SL(2,q)/Z(SL(2, q)),

where
Z(SL(2,q)) = {aly | det(aly) = a* = 1}.

Now that the groups are defined, we take a look at single elements of the special
linear group SL(2,¢). We want to find a generating set of this group.

Lemma 52. Let ¢ = p° for a prime p, w € GF(q) is a primitive element and
11 w0
T.—(O 1>and5.—< 0 w>
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5. Special Linear Group SL(2, q)

are two matrices in GF(q)?*2. Then the matriz
(1 w
=y

Proof. We first show that there exist ag,...,a.—1 € GF(p) such that w = Zf;ol a;w?.
We define the abelian group V := (w? | 1 <i < (¢—1)/2) and thus V is a GF(p)-vector
space. The GF(p)-vector space V' is an abelian group regarding addition, which follows
from the definition of a vector space (see [Beu94|, page 59). Also the multiplication
is associative, commutative and a neutral element (the neutral element of V') exists.
Thus the GF(p)-vector space V is a ring and we have V' C GF(q). Now we define K
as the field closure of V', which is a subfield of GF(q).

The order of w is ¢, thus it holds for the group V that |V| > (¢ —1)/2 + 1. It
follows that | K| > ¢/2. We also know that |K| | ¢ and it follows that | K| = ¢ and
K = GF(p)(w?) = GF(q).

s a product of T and .

The elements 1,w?, ..., w?® are not linearly independent. Thus a linear combination
e—1

w= Zaiwm (5.1)
i=0

exists, where a; € GF(p) for all i.
Since p is a prime, we have Z/pZ = GF(p) and define j € N as the smallest positive
integer in the natural representation of GF(p) in N.
e 1 w? i 1 jw? . .
It is 0~ '76 = (0 ] >and(5 T = <O 1 )forelementszeN,je
GF(p) and j the corresponding element in N to j.
1 aquw*

We set 1 := Hf;& < 0 1 > = < L Cf ) using the linear combination defined
in Equation [5.1] O

As you can see later, this last lemma helps us to shorten the generating set given
in Theorem [99| since we can drop the matrix y. The next theorem lists three matrices
that form a generating set of SL(2, q).

Theorem 53 ([LGOB09|, page 841). Let ¢ = p° for a prime p, 1 < e € N and
w € GF(q) a primitive element. Then

1 1 w0 0 —1
T.(O 1),(5.( 0 w)andU.(l 0>

generate the special linear group SL(2,q).

Proof. We have det(7) = det(d) = det(U) = 1, thus the defined matrices are in
SL(2,q) and (7,6,U) C SL(2,q).

32



5.2. Presentations

NowletM::<a b
c d

Gaussian elimination (see [Beu94], page 116) to write

1 -t 1 0 0
_ d—te a
M_(o 1“><—Zl><0 d—b;”)'
—— vV wV

=1 =: Lo =:D

) € SL(2,q). Then det(M) = ad —bc = 1. We use the

We can construct the matrix D as a power of §, because we have 1 = ad — bc =
a(d — %) and thus a™! = d — %. Furthermore a € GF(q) and thus there exists a
natural number % such that w® = a~!. It follows that D = §¥.

As proven in Lemma [52] we can construct the matrix

_1w
=0 1

b
——
w! =~. If | = 2m is even, then we have 70" = L1, and if [ = 2m + 1 then Tfm =L,
where m € N.

Similarly for 8 := ¢ there exists a natural number r € N such that w” = 3. Then

we define Lo := 70", if r = 2n, and Ly := " if r = 2n + 1, where n € N. It is

= 1
e (!

as a product of 7 and . Let v := . Then there exists an element [ € N such that

el

). By conjugating with the matrix U we obtain

~U 1 0
(1 0) -
Ta
Thus every matrix M € SL(2, q) is a product of the matrices 7, and U and the claim
follows. u

Those matrices are based on the standard generators of SL(n,q) as in [LGOB09],
page 841, but instead of U~! we use U. This is needed since the relations of the
presentations in the next section are not fulfilled if we use U~1.

5.2. Presentations

Now we look at the different presentations for different groups SL(2, ¢) and PSL(2, q),
depending on ¢. Again we define some notation in order to make this section more
readable. The notation in Remark [54]is implicitly assumed throughout the rest of this
chapter.

Remark 54. Let q := p®, where p is an odd prime, 1 < e € N and w € GF(q) a
primitive element.
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5. Special Linear Group SL(2, q)

e Then we define the natural number k € N as the smallest number such that
1 +w=wF. We define m := |k/2] € N and the map f : GF(q) — GF(q),t
1+¢—th

e Also g : GF(q) — GF(q) is a map such that g(w?) = w. The existence of this
map is proven in Lemma (more specifically g(t) := Zf;é a;t' as defined in
Equation [5.1). Furthermore we define p,, : GF(q) — GF(q) as the minimal
polynomial of w. The coefficients of all the defined polynomials are over GF(p).

e For a polynomial h(t) = apt® + ...+ ag over GF(p) and a matriz 7 € GF(q)?*2,

there are different ways to evaluate the equation 7.
If we have defined a matriz 71, then h(®) .= Hf:o Tf", where To; 1= T6i, if i is

even, and To;11 = 7'{52, if 1 is odd.
If there exists no predefined matriz 7, then T"(®) .= HfZO(T‘si)di.
Sometimes all matrices 7;, 0 < i < k are already explicitely specified. Then
Th(t) = Hk (T.)di'
1=0\"?
e Note that a; is the smallest positive integer in the natural representation of GF (p)
in N.

We assume that the presentation in Theorem of [CRW90] for the group PSL(2, q)
is correct. Note that the elements in Theorem 99 satisfy the relations of this presenta-
tion. Now we derive a presentation on the standard generators defined in Theorem
from this presentation.

Theorem 55 (Presentation of PSL(2,q), [LGOB19], Theorem 3.1). We assume the
requirements listed in Remark . Then PSL(2,q) has the presentation

e—1
{r8.U |71 =90 = T[()%; (rU)* = (U6)? = U? = (nU6)? = 514~V
1=0
=7P = [7—7 Tl] = [7-1?7—6] = T#(t) =1,
" =11 and " = 179, if 1 +w € GF(q)?,
" =17 and T = 178, otherwise }.

Proof. We prove that this presentation is just a rewritten version of the presentation
in Theorem

By simply replacing the generators in the theorem above with the generators w =
Ur 't z=7,2=75"and y = 790 for the polynomial g(t) over GF(p) such that
g(w?) = w holds, one obtains the relations

R={(Ur ) =0?=W01"? =Ur tnrs )3 =17 = ™= (7'571)((171)/2
= [r1, (7)== 0 =,

1, if 1 +w € GF(q)?

otherwise }.
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5.2. Presentations

Using the relation U? = 1 we obtain that (U7~ !)3 =1 & (7U)3 = 1. Also (U5 1)? =
1 < (U5)? = 1 for the same reason and we have Ud = §~'U. Then it follows with
[7,71] = 1 that

Ur'nrd™ )P =(Und )Y’ =1 (Uné ")P’U =U < UnUS)’ =U & (nUs)° = 1.

We have 77 = (7902 = (T]Z5 (%) %)P = [1Z4 ((77)?")% = 1, if the relation 77 = 1

1=
holds. Hence this relation is redundant. Now it follows with Lemma [8| that

q%l_l i q—1 1 q%l_l 24 q—1 g—1
(o hyla=D/2 = H 5T = . Yo W 02 =46 = .

=0 1

Thus we can replace the relation (75_1)%1 — 1 with 62 = 1.

The relation |71, (%) '] = 1 is equivalent to [ry, 9] = 1, because 7 and 71 commute.
We can omit the relation 7}’ (t), because 74(*) = 1, and it already follows that ' ©
TIOnt) — (T“(t))g(t) = 1. Thus this presentation is another presentation of the group

PSL(2, q). O

We modify the presentation for PSL(2,¢) to obtain a presentation for the group
SL(2,q).

Theorem 56 (Presentation of SL(2,q), [LGOB19], Theorem 3.2). We assume the
requirements that are established in Remark . Then a presentation for SL(2,q) is
given by replacing the relations

(tUP =1, (US* =1, U?=1ands's =1
by the relations

(FUP =U% (US2=U2, U*=1ands's =U>

in the presentation in Theorem . Thus a presentation of SL(2,q) is given by

e—1
{r,0,U | r =790 = T[(")%; (+U)? = (Us)? =5V =12,
=0
Ut = (U8 =7° =[r,1] = [7'1,7'5] =) =1,
" =771 and " = 170, if 1 +w € GF(q)?,
T{Sm =717 and i n7?,  otherwise }.

This theorem is derived from [LGOB19], but the relation (7U )3 = U? is replaced
with (7U)3. With this alternation we make sure that the generators of SL(2,q) of
Theorem [53] fulfil the presentation.

35



5. Special Linear Group SL(2, q)

Proof. The relations hold in SL(2,q) and we prove first that (U?) is the centre of the
presented group.
We have (U?)V = id € (U?). The relations (Ud)? = U? and U* = 1 imply that

U570 =1 U ' =50% < (Us)* ! =6 1U?
& UU =U? & USUSU* = US & (U§)? = U2

Thus U? and § commute. Also 7-U? = (tU WU = (rUHYU? - U = (U ). U =
U2r-U~'.U = U?r, since U? = U2, Thus U? and 7 also commute.

Since U? and § commute, we have (U§)? = U? & USU = U?5 1 & U3 =6"10U° &
USU? = 67 U3 & U§ = 67'U. Thus the proof of the relation (1;U6)? = 1 for
Theorem is still correct. All the other relations were obtained without using the
assumption that U2 = 1 and thus the presentation is correct. O

If ¢ = 3 mod 4, then we can shorten the presentation for PSL(2,¢q). The origin of
the next theorem is Theorem [101]

Theorem 57 (Presentation of PSL(2,q) for ¢ = 3 mod 4, [LGOB19|, Theorem 3.3).
We assume the requirements defined in Remark and ¢ = 3 mod 4. If 1+w € GF(q)?,
then we define r == (¢ + 1)/4 and r := (¢ — 3)/4 otherwise. Then PSL(2,q) may be
presented by

(1,6,U] (rU)® = (U8)? = U2 = [r, 7" = 710 = 1,

sla—1/2 - P, " = [771,5’“]}.

Proof. Again we use the presentation in Theorem and substitute the elements
w,z,z with Ur~1, 7,76 1. Then one obtains the relations

{(UTfl)?; — U2 = (U671)2 _ T;L(t) _ [7_7 (T(;fl)(q+1)/47_(7_571)f(q+1)/4] =1,
(ro 1@ D2 = 7P (ro~tymr(ro—t)Tm
= r(r6~H (D@D =1 51y (DM (a1 /4y

where k :=2m + 1.

Using the same arguments as in the proof of Theorem [55|we can replace the relations
(Ur71)3 =1 and (U5~1)? = 1 by the relations (7U)3 = 1 and (U4)? = 1. Similarly we
have (r6~1)@+1/4 = §=(a+1/4 and thus we replace [r, (761) @D/ 47 (r5—1)~(a+1)/4) =
1 with [r, 7‘5<q+1)/4] = 1. The relations (76~1)(4=1)/2 = 7P can be replaced by §(4~1)/2 =

7P, too. Likewise we have (76~ H)™7(7671)™™ = 7" and (76*1)(*1)“1(‘1*1)/4 —
§DMa+D/4 1f ; is even, then we can replace this by §(4+D/4 otherwise by §—(4+1)/4 =
§5a=3)/4, O

Again we modify the presentation of the last theorem to obtain a presentation for
SL(2, q) in the special case that ¢ = 3 mod 4.
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5.2. Presentations

Theorem 58 (Presentation of SL(2,¢q) for ¢ = 3 mod 4, [LGOB19|, Theorem 3.4).
We assume the requirements that are established in Remark[5]. Then a presentation
for SL(2, q) is given by replacing the relations

(tUP =1, (US* =1, U?’=1ands's =1
by the relations
(rUP =U?, (US)2=U2, U*=1ands"s = P02
in the presentation in Theorem [57

The proof of this theorem is equivalent to that of Theorem
Now we want to find a presentation for the case that ¢ = 2¢ and use the presentation
given in Theorem [102

Theorem 59 (Presentation of SL(2,2¢), [LGOB19], Theorem 3.5). We assume the
requirements as defined in Remark[54) with the exception that p is equal to 2. Further-
more we define 1,2 as the minimal polynomial of w? over GF(q). Then SL(2,2°) has
the presentation

{r,0,U | (Ur)? =U? = (US> = (r0)" ' =72 =1, 7" =[r,0], >} =1}

Proof. We use Theorem to prove this theorem and substitute w, x, z with Ur~!, 7
and 76!, Thus we obtain the relations

{(Ur ¥ =02 =WU6 )2 = (r6)7 ! =72 = th2®) = () = 1}

Now we can replace (U771)3 = 1 and (U§~1)? = 1 by the relations (U7)? = 1 and
(U8)? = 1 because U? = 1. And similarly 7/®) =1 by 77079" =1 & 79" =[r,6]. O

We need a small lemma that helps us to prove the correctness of the next presenta-
tion, which provides short presentations for the groups SL(2,p) and PSL(2,p).

Lemma 60. Let 2,3 # p € P be a prime number and £ := |5]. Then { is even for
p =1 mod 3 and odd otherwise.

Proof. We assume that p = 1 mod 3. If ¢ would be odd, then we would find an element
k € N such that £ = 2k+1 and thus p = 3¢+1 = 3(2k+1)+1 = 6k+4 = 2(3k+2) ¢ P.
Thus ¢ must be even.

On the other hand we assume that p £ 1 mod 3. We have p # 3, thus p = 2 mod 3.
If £ would be even, then we would find an element £ € N such that ¢ = 2k and thus
p=30+2=23(2k)+2=2(3k+ 1) ¢ P. Consequentely the result follows. O

The presentation on the generating set of Theorem [99|can be found in Theorem [103
In the next theorem we state once again a modified version that is defined on the
standard generators.
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5. Special Linear Group SL(2, q)

Theorem 61 (Presentation of SL(2,p) and PSL(2,p), [CR80], Theorem 3.6). We
assume the requirements defined in Remark and define £ := |p/3]. If p=1 mod 3
then SL(2,p) has the presentation

{r,U | U? = (UTU?)?, (UU*U U P22 (702U = 1},
else
(rU | U2 = (U 0)3, (U FA U1t D/2)20p-2 = 1)
A presentation for PSL(2,p) is given by adding the relation U?=1.

Proof. Let x := < (1) I)l > and y 1= ( L1 ) We look at parts of the relations in
Theorem [103}

and
+1 2
(zy"zy ) ((1 o)( 1) 1 o 0 1

e N A O A B e R A S (N W

A1 4 et ))=\a 1 ) "o 1)
Also y? = id, 2% = id for an even ¢ and z?’ = —id otherwise. Thus the relation
(zytay®PtD/2)29p220 — 1 only holds if ¢ is odd. It follows from Lemma [60] that the
relations are fulfilled for p £ 1 mod 3.

Now assume that p = 1 mod 3. If we set § := —y and ¥ := —x then we obtain
(gt agPtD/2)2p 320 = (zytazy@+D/2)2(—yP)z2¢ = 1, because /£ is even according to
Lemma And also 2 = (77)% < 22 = (zy)3, thus the relations in Theorem (103
hold.

Thus for p # 1 mod 3 we have v+ = U ' and y = 7 and 2 = U and y = 7U?

otherwise. The matrices 7 and U generate SL(2,p) and thus x and y generate SL(2, p).

By substituting x and y in Theorem [103] we obtain the presentations in this theorem.
O
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6. Special Unitary Group SU(3, q)

In this chapter we define unitary groups and present a generating set of the special
unitary group of degree 3 in Section In Section we give a presentation of
the special unitary group of degree 3 and prove its correctness in two steps. First we
analyse the subgroup of upper triangular matrices and give a presentation and then
we extend this presentation to obtain a presentation for the whole group.

6.1. Definition

Before we define the special unitary group, we need to define unitary forms and isome-
tries on a vector space V with a unitary form ¢.

Definition 62 (Unitary Form, [Hup67], page 233). Let ¢ € N be a prime power, V a
GF(q?)-vector space and assume that - : GF(¢?) — GF(q?) is a field automorphism of
order 2. A map

¢:V xV = GF(¢?), (v,w) = d(v,w)

1s called a unitary form on V, if it is additive, i.e.
plau +v,w) = ap(u,w) + ¢(v, w),

and

¢(u,v) = (v, u)
for all u,v,w € V and a € GF(¢?).

Definition 63 (Isometrie, [Hup67], page 233). Let V be a GF(q?)-vector space, ¢ a
form on'V and o € Aut(V') an automorphism on V', such that ¢(v7,w?) = ¢(v,w) for
allvyw € V. Then we call o an isometry of V.

Now we can define the unitary group GU(V) on a vector space V and its unitary
form ¢. Additionally we define the special unitary group and the projective special
unitary group.

Definition 64 (Unitary Group, [Hup67|, page 233). Assume that - is a field auto-
morphism of order 2 on the field GF(q?). Furthermore, let ¢ be a unitary form on
the GF(q?)-vector space. We call the group of isometries of V the unitary group
GU(V) and the subgroup GUNSL(V) the special unitary group SU(V). Addition-
ally we define the projective special linear group PSU(V) = SU(V)/Z(SU(V)),
where Z(SU(V')) is the centre of the special unitary group.
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6. Special Unitary Group SU(3,q)

The next definition defines the vector space and unitary form that we use throughout
the rest of this chapter.

Definition 65. We define - : GF(¢?) — GF(q?),x + 29 as the Frobenius automor-
phism on GF(¢?). Set V := GF(¢*)" for n € N, and define the unitary form

0 --- 0 1

0 --- 1 0
¢V =V (v,w)—ov . |,

1 -« 0 0

where ~ is applied entry-wise. Then we write GU(n, q) instead of GU(V') for the unitary
group and similarly SU(n,q) and PSU(n,q).

Note that we write SU(n, ¢) for the group of unitary matrices of determinant 1 of
degree n over the field GF(¢?). This is a common notation.

Lemma 66. The centre of SU(3,q) is the subgroup
Z(SU(3,q) = {al3 € SU(3,¢q) | a € GF(¢*) with a® = 1}.

Proof. Tt is Z(SU(3, q)) = Z(GL(n,¢*)) N SU(n,q) and [Hup67], page 177, states that
GL(n,q?) = {al,, | a € GF(¢*)*}. Let a € GF(¢?)* such that a® = 1, then the matrix
al,, is unitary and of determinant 1, thus the claim holds. ]

We have defined all the groups that occur in this chapter. Before giving a generating
set of the group SU(3,¢q) in the following section, we look at some elements of the
special unitary group.

Throughout this chapter we frequently use the following notation.

Definition 67. For a, 3 € GF(¢?) we set

1l a p a 0 0
vie,B):=1 0 1 —af and A(a):=[ 0 a7t 0
00 1 0 0 a¢

Note that det(v(c, 8)) = 1 and A(a) has determinant 1, if 0 # a € GF(¢?). The
matrix v(«, ) is a unitary matrix if the condition stated in the next lemma is satisfied.

Lemma 68. Let a, 3 € GF(¢?). The matriz v(a, 8), as defined in Deﬁnition@ s a
unitary matriz if and only if tr(3) = —a?t,

Proof. We know that det(v(a, ) = 1 for any o, 3 € GF(¢?). Thus we need to
show that ¢(v - v(a, B),w - v(a, B)) = ¢(v,w) for any v,w € GF(¢?)? if and only if
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6.1. Definition

B+ B9 = —a?t!. Observe that

00 1
sovB)| 010 |vap) T =dww)
100
1 a 8 00 1 1 ot g7\ " 00 1
sl 01 -4 01 0 0 1 -« w =v| 010 |w"
00 1 100 0 0 1 100
1 a 8 00 1 1 0 0 00 1
sl 01 —ad 010 a? 1 0 |lw' =v|l 010 |w'
00 1 100 Bl —a 1 100
Bl+altl 4+ 8 af—al 1 001
S —a+a 1 0 |w'=v| 010 |w'.
1 0 0 100
Hence ¢(v - v(a, B),w - v(a, B)) = ¢(v,w) if and only if B+ f9 = —adt!, O

Lemma 69. Every upper unitriangular matriz M € SU(3,q) is of the form v(«, )
for some a, 3 € GF(q¢?).

Proof. We define

1 mio2 myg3
M:=|0 1 mo3 | €SU@3,q)
0 0 1

and, since M is unitary, it follows that

0 0 1 - 0 0 1
M{o0o10]|M =(010
1 00 1 00
mi,3 + m‘iEl +mi3 mi2+ma3 1 0 01
<~ ma 3+ Mmi2 1 0 = 010
1 0 0 1 00
and the result follows directly. O

We obtain from Lemma |68 that the matrices v(a, §) defined in Definition [67] are
elements of the group SU(3, q) if tr(8) = —a4™! (see Definition [10|and the subsequent
lemma for a definition of the trace). We want to show that the same holds for the
matrices A(a), if a # 0.
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6. Special Unitary Group SU(3,q)

Lemma 70. Let a € GF(¢?). The matriz A(a), as defined in Definition @ is a
unitary matriz if and only if a # 0.

Proof. If a =0, then A(0) € SU(3, q).
Let o # 0. Then it is easy to determine that det(A(a)) = a® = 1. We have

00 1Y\ a 0 0 00 1 ol 0 0
Ale)| 01 0 |A@) = 0 o' 0 010 0 a0
1 00 0 0 o¢ 1 00 0 0 a!
0 0 « af 0 0
= 0 i1 ¢ 0 a1 o
a? 0 0 0 0 a !
0 0 o
= 0 a® 0
a® 0 0

and thus ¢(vA(a), wA(a)) = ¢(v,w) and A(«) is unitary and of determinant 1. [

Since we need to multiply many upper unitriangular matrices in the following proofs,
we gather a few calculation rules in the next proposition.

Proposition 71. Let a, 3,7, € GF(¢?) and v(a, B) as defined in Deﬁmtion@. Then
we have

v(a, B)v(y,6) = v(a+7,8 46 — ay).

Immediate results are
(1) v(a, B)" = v(na,nfB — @aqﬂ) for anyn € N,
(2) v(a,B) ! = v(~0,B) and
(3) v(0,0) commutes with every other matriz v(«, ).

The proof of the last proposition can be verified easily by simple calculation except
for result (1).

Proof. We prove result (1).

Base Case: Let n := 1. Then the statement holds.

Induction Hypothesis: We assume that the statement holds for some n € N.
Induction Step: Using the induction hypothesis, we obtain

o, B = (o, )" (o 8) = (no,ng — "= 0t 0, )
— (it o, (n4+ 1) — O _21)% — nattl
— u((n+1)a, (n+1)8 — ”(”;1)@)
and we have shown that the statement holds for all n € N. O
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6.2. Generators

6.2. Generators

In this section we will define four matrices and show that they generate SU(3, q). This
is needed for the presentation of the group given in the next section.

We start by defining the matrices in Definition For the proof that they form a
generating set of SU(3, ¢), which is given in Theorem [80| near the end of this section,
we need several lemmata in preparation. At the end of this section we show two
additional properties of the special unitary group that will be useful for the proof of
the correctness of the presentation in Section [6.3]

Definition 72. Let w be a primitive element of GF(¢?), & := (1 + w9~ Y71, if q is
even, and & := —(1 + 1)~! otherwise. Furthermore, define  := w@tD/2 " Using the
notation of Definition [67 we define the matrices

L 0 0 1
vi=v(1,§), 7:= ¥(0,6), lfq ?S odd JA=Aw)and A:=| 0 -1 0
v(0,1), if q is even 1 0 0

In the remainder of this chapter we will use w € GF(¢?) as a primitive element and
write —1/2 € GF(¢?) instead of —(1 + 1)~!. Furthermore, we will use the matrices
v, 7,A and A without citing the definition each time.

Lemma 73. The matrices defined in Deﬁm’tion are elements of SU(3,q).

Proof. We know by Lemma [70] that A is a unitary matrix of determinant 1.
Let ¢ be odd. Then —1/2 € GF(q) and thus the element lies in the fixed field of the
map tr (see Lemma[L1]). It follows that { + &9 = —1/2+ (—1/2)? = —1. Furthermore,
2

(¢+1) - . .
¢+¢? = Wt w e = wq#(l —i—qul) = w%(l — 1) = 0. We obtain with
Lemma [68| that the matrices v and 7 are unitary and of determinant 1 if ¢ is odd.

Now we assume that g is even. Then we have

E4+8 =1+ )T+ (14w = (14w 4+ (1wt
=(1+w™ T+ 1+ ) =1+t T+ (1w
=(1+w ™+ 14+ 1+ 0+ 1+ =1 = 191!

and 14 19 = 0, thus v and 7 are unitary matrices of determinant 1 if g is even.
We need to show that A lies in SU(3, q). We have det(A) = 1 and

00 1) _ 0 0 1 00 1 0 0 1
Alo1o|4d =0 -1 0 010 0 (-1)7 0
100 1 0 0 100 1 0 0
1 0 0 0 0 1
= o -1 0 0 (=1)7 0
0 0 1 1 0 0
o 0 1
=0 (-t o |,
10 0
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6. Special Unitary Group SU(3,q)

since (—1)4t! = 1 if ¢ is odd, and —1 = 1 if ¢ is even. Therefore we obtain that
d(vA,wA) = ¢p(v,w) for all v,w € GF(¢?)? and thus A is also a unitary matrix. [

The next lemma uses the properties of unitary matrices of determinant 1 to deduce
that a matrix is already a triangular matrix if one special entry of the matrix is zero.

Lemma 74. Let M € SU(3,q) be a unitary matriz of determinant 1 with m; 3 = 0.
Then M is a lower triangular matriz.

Proof. Let
my1 mi2 0
M = ma1 M22 M23 S SU(?), q).
m31 Mm32 1MM33

Then we have

(oM, wM) = ¢(v,w)

mi1 Mmi2 0 0 0 1 mi1 Mm21 M3 0 0 1
=) mo1 M2 M23 010 mi2 M22 M32 W o= 010
m31 M32 M33 1 0 0 0 ma3 Mm33 1 0 0
0 mi2 mia mi1 M21 ™31 0 01
= mo3 M2 M2 mi2 M22 M32 W o= 010 W
m33 M3z M3 0 m23 Mm33 100

for any v,w € GF(¢?)3.

It follows that mq9m12 = 0 = m12 = 0 and mg 3m1 1 +moomi2 = 0 = mazmi 1 =
0. We have det(M) = 1and m; 3 = mj 2 = 0, hence m; ; # 0. Thus we obtain my 3 =0
and M is a lower triangular matrix.

O

In Theorem [80| we take an arbitrary matrix M € SU(3, ¢) and write this matrix as a
product of the matrices defined in Definition To achieve that, we want to multiply
M with a matrix B (which should also be a product of the matrices of the generating
set) to obtain a triangular matrix with the previous lemma.

The next lemmata show that we can write such a matrix B as a product of the
claimed generators. We need to differentiate between odd and even q.

10
Lemma 75. Let q be odd and M := | 0 1
00

there ezist ag, ...,ar € N such that M = H?;& (TN)C“.

B
0 | € SU(3,q) with tr(8) = 0. Then
1
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Proof. We have

w™! 0 0 1 0 ¢ w' 0 0
A = 0 w e g 010 0 wile=H g
0 0 Wi 00 1 0 0 w
1 0 w‘i(‘H-l)C (6'1)
=01 0
0 0 1

We define K as the smallest subfield of GF(¢?) which contains {w™t1¢ | i € Z}.

With |[wit!| = ¢ — 1 it follows that w?*! is a primitive element of GF(q). Hence
g+1

"2 € K is not in GF(g). But K is a subfield of GF(¢?) and the largest non-trivial
subfield of GF(q?) is GF(q), thus we obtain K = GF(¢?).

Therefore every element 3 € GF(¢?) can be written as a sum 3 = Z‘-I__ll ajw et ¢
and it follows with Equation 6.1] that M =[]} (72")%. O

Lemma 76. Let q be even and M € SU(3,q). Then there exists a matrix B €
(v, 7,A, A) such that M B is a lower triangular matriz.

Proof. We use that

PR =y (02) i )y (0,70 D)

= y(wi(q_2) (62)

w™ )¢ 4y =alatD))

)

holds for 4,5 € N.
If mi1 = 0, then we set M® .= MA and mf?)) = 0. Using Lemma M® is a
lower triangular matrix.

If mi1 # 0, then we can choose 4,7 € N such that pATAT u(—m172m1_&75) €

SU(3,q) for some B € GF(¢?), which follows from Equation We set M) .=
M - y(—mlgmﬁ,ﬁ) and mglg =0.

If mglg = 0, then M@ is already a lower triangular matrix. Otherwise we choose
k,l € N such that 2" 72" = v(a, —mf?))mﬁ) € SU(3, q) for some o € GF(¢?). We set
M@ = MWD . y(a, —mggm(ﬂ) Then m% =0 and M® is a lower triangular matrix
with Lemma [T4 O

In the previous two lemmata we have shown that we can multiply any matrix M €
SU(3,q) by a product of the matrices defined in Definition and obtain a lower
triangular matrix.

Lemma 77. Let M € SU(3,q) be a lower triangular matriz. Then M4 is an upper
triangular matriz.
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6. Special Unitary Group SU(3,q)

mi 0 0
Proof. We set M := | mao1 maop 0 . Then
m31 Mm32 M33
0 0 1 m171 0 0 0 0 1
MA=[0 -1 0 mo1 ma2 0 0 -1 0
1 0 0 m31 Mm32 133 1 0 0
m3 m32 M33 0 O
== —TTL2’1 —TTL272 0 0 -1
min 0 0 1 0 0
m33 —m3z2 31
= 0 Mmoo  —Maj
0 0 mi
and the result follows. ]

We have shown that we can use the matrix A to convert a lower triangular matrix
into an upper triangular matrix. The next step is to show that any upper triangular can
be transformed into an upper unitriangular matrix (by multiplication with elements
of Definition and that any upper unitriangular unitary matrix of determinant 1 is
already in SU(3, q).

Lemma 78. Let M € SU(3,q) be an upper triangular matriz. Then there exists a
number k € N such that A™*M is an upper unitriangular matriz.

mi1 Mmi2 Mg
Proof. Let M := 0 moo Mmas € SU(3,q). Similarly to Lemma 74| we use
0 0 m3;3

that M is a unitary matrix of determinant 1 to analyse the diagonal entries of M.
For any v, w € GF(q?)® we have

mi1 Mi2 M3 0 01 mi1 0 0 0 01
sol 0 mos mag 010 iz maa 0 |@w =v| 0 1 0
0 0 ms3;3 1 0 0 mi3 MmM23 1MM33 1 0 0
mis Mmi2 M1 mi 0 0 0 0 1
Sv| maz ma2 0 miz M2z O w =v| 010 |w'
ms33 0 0 mi13 M23 M33 1 00

Thus we obtain mg 3,1 = Mg oMog = mi1m33 = 1.
We have mq; € GF(q2), hence there exists an element k € N such that my; = wk.
Then we can conclude that

1 kq

mi1ms33 = 1< m3.3 = wk < m33 = W
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6.2. Generators

Furthermore there exists an element r € Ny such that mo 2 = w". Then
Mo oMas = ww' = w0t = 1 & et = )0

and we can conclude that r € (¢ — 1)Np.

We also know that det(M) = my 1maomsz = whmesw ™ =1 & may = wkla—1).
Consequently
wk 0 0 Wk mi,2 mi,3
Aw)™* M = 0 a kb g 0 wha=D gy
0 akd 0 0 wka
Wt w_kmLQ w_kng
= 0 w? w @D, o
0 0 w0
and the result follows. O

Lemma 79. Let M € SU(3, q) be an upper unitriangular matriz. Then M € (v, T) (7 A)-

Proof. We know from Lemmathat there exist a, 3 € GF(¢?) such that M = v(a, ).
Additionally we have

VAT = p(wia=2) yilat ) g) (0, w e t)

= p(w'172) TilarDe 4, milat))y (63)
for 7,7 € N. Since the matrix in Equation is a product of matrices in SU(3, q), it
also lies in SU(3, ¢). For an arbitrary but fixed i, the first argument of v in Equation
is fixed. There are ¢ possible values for the second argument depending on j.

We choose 4 such that w92 = o, which is valid since w92 has order ¢> — 1 and
generates GF(¢?)*. For any a € GF(¢?), there exist ¢ elements 3 € GF(¢?) such that
—a4t! = B+ B9, Thus we can choose j such that w1 ¢ 4+ w70+t = 3 and the
result follows. O

Since we have shown that any upper triangular matrix can be written as a product
of a power of A and an upper unitriangular matrix (which lies already in SU(3,q)),
we only need to summarise all the previous lemmata to prove that the matrices in
Definition [72| form a generating set of SU(3, q).

Theorem 80. Let w be a primitive element of GF(q¢?), € := 1/(1+wi™1), if q is even,
and £ := —1/2 otherwise. Furthermore define ¢ := w@tD/2 " Using the notation in
Definition [67 we define the matrices

o 0 0 1
vi=v(l,§), 7:= ¥(0,6), qu Z.S odd , A:=Aw)and A== 0 -1 0
v(0,1), ifq is even 1 0 0

Then (v,7,A, A) = SU(3,q).
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6. Special Unitary Group SU(3,q)

Proof. Tt follows from Lemma (73| that (v, 7, A, A) C SU(3,q) holds.
We need to show the other inclusion and prove that every matrix M in SU(3, q) can
be written as a product of v, 7, A and A.

e If ¢ is odd and m3 3 # 0, then we have shown in Lemmathat we can construct

0 B
0 | with 8 := —222 35 a product of 7 and A. We
1

ma3 3

1
a matrix B = 0 1
0 0

obtain that
MM = BM € SU(3,q)

is a unitary matrix of determinant 1 with mglg = 0. With Lemma we can
thus conclude that M) is a lower triangular matrix.

If ¢ is even, we know by Lemma [76| that we can write M (1) := BM for a matrix
B € (v,7,A, A) where M® is a lower triangular matrix.

e Now we deduce from Lemma [77] that
M® = (M)A € SU(3, q)
is an upper triangular matrix.

e With Lemma it follows that there exists a natural number k£ € N such that
M®) = A" M) € SU(3, q)
is an upper unitriangular matrix.

e Lemma [T9 states that
M(S) € <V7 T>(1/,T,A>'

We have shown that M can be written as a product of v,7, A and A, hence M €
(v,7,A,A) and (v, 7,A, A) = SU(3, q). O

After having obtained a generating set for SU(3, ¢), we define the subgroup of all
upper triangular matrices H < SU(3, ¢) and examine its order. The reader might know
that H is a Borel subgroup of the special unitary group SU(3,¢q). In the next section
we state a presentation for this subgroup and extend it to obtain a presentation for
SU(3, q).

Lemma 81. The subgroup H := (v,7,A) C SU(3,q) is the group of all upper trian-
gular unitary matrices of determinant 1 of order (¢*> — 1)q®, where the matrices are

defined as in Theorem [80,

Proof. From Lemma [78 and Lemma [79) we obtain that every upper triangular matrix
can be written as a product of v, 7 and A. Furthermore v, 7 and A are upper triangular
matrices and thus H is the subgroup of all upper triangular matrices of SU(3, q).
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Any upper triangular matrix M is equal to A¥M® for a natural number k € N
and an upper unitriangular matrix M) according to Lemma Lemma states
that there exist a, 8 € GF(¢?) such that M) = v(a, ), where v is defined as in
Remark [67

Since M has determinant 1, none of the diagonal entries can be zero and thus
k€ {l,...,GF(q)? — 1}. Tt follows that there are ¢> — 1 different possible values for
the diagonal entries.

It holds that 3 + 39 = —a?*!l. Since —ad4™! € GF(q), there exist g elements 3 €
GF(¢?) for any a € GF(¢?), such that 84 39 = —a?*! (this follows from Lemma .

Thus there are (¢° — 1)¢® different upper triangular matrices M € SU(3, ¢) and the
result follows. ]

The next result is needed to prove the correctness of the presentation of SU(3, q)
which is obtained by extending the presentation of the subgroup H.

Lemma 82. Let v,7,A and A as in Theorem|[80 and U := (v,7)y, D = (A), L :=
{A} and H := (v,7,A) the Borel subgroup as in Lemma [81 Then SU(3,q) is the
disjoint union of the sets UDLU and H.

Proof. We have UDLU, H C SU(3, q), thus UDLU UH C SU(3,q). Let M € H, then
M is an upper triangular matrix. But

w g W@k 4 R By Wk W@ DR ek
v(a, B)AFAv(y,8) = | —w %t —wlaDF _ymakaty 4 la-Dkaa _ =ak a0
w it w kY wokg
(6.4)

for any o, 3,7,6 € GF(¢?) and k € N. Thus M ¢ UDLU. For every matrix N €
UDLU, we have n31 # 0, thus N ¢ H and UDLU and H are disjoint.

n?—n . .

The order of GU(n,q) is ¢ = [[;~,(¢" — (—=1)") (see [Niel9], Theorem 5.34). Let
M € GU(3,q), then we have det(M) det(MT) = 1 since M is unitary. We define
A := det(M), then it follows that A\9+! = 1.

Let A = w* € GF(¢?) such that A € Ker(f) (see Lemma . Then it follows from

the proof of Lemma that £ = m(q — 1) for some m € N. Thus we can write

1 0 0
the matrix [ 0 w™@=1) 0 | € GU(3,¢) and it follows that there exists a matrix
0 0 1
M € SU(3,q) for any A\ € Ker(f). Since f is a homomorphism, we obtain the order
|GU(n, q)|
SU(n,q)| = ————=.
SU(m g = 2

Thus |SU(3,q)| = ¢*(¢®> — 1)(¢> + 1). Since |H| = ¢*(¢*> — 1) (see Lemma and
H and UDLU are disjoint, we need to show that there are at least | SU(3,q)| — |H| =
¢%(q®> — 1) elements in [UDLU|.

Now let M € UDLU be an arbitrary matrix. Then M is equal to the structure of
the matrix in Equation The entry mga is different for 1 < k < q2 — 1. Since
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6. Special Unitary Group SU(3,q)

v(a, B) € SU(3, q) implies that —a9™!t = 3+ 39, we obtain that for every o € GF(q¢?)

there are ¢ possibilities for 5. The same holds for v and §. If k, o, 3,y and § are fixed,

then the matrix M is already determined. Hence [UDLU| = (¢* — 1)q°.
Consequently [UDLU U H| = |SU(3, q)| and the result follows. O

6.3. Presentation

In this section we will prove the correctness of a presentation of SU(3, ¢), which is given
in [LGOB19], Section 4.2.2. Our proof follows this paper by defining and proving the
correctness of a presentation of the subgroup H = (v, 7, A) of order (¢? —1)¢ first (see
Lemma . Afterwards this presentation is extended to a presentation of the whole
group SU(3,q).

6.3.1. Presentation of H

Before starting with a presentation of the subgroup H of SU(3, q) we cite two lemmata
which will be used for the proof of the correctness of the presentation.

Lemma 83 (|[Gur+08|, Lemma 4.23). Ifp® =: q # 2,3,5 for a prime p and w € GF(¢?)
a primitive element, then there exist integers x and y such that

(1) wra=2) ¢ wla=2) — 1

(2) wr@t) 4 y=vla+l) = 1

(3) GF(p)[w™@™] = GF(q)

(4) GF(p)[w®@=2] is equal to GF(¢?) or GF.

Proof. The proof of this lemma can be found in |[Gur+08§|, where w™" and w™Y are

replaced by elements a,b € GF(¢?). O

Lemma 84 (|[Gur+08|, Lemma 4.5). Let Uy and Wy be subgroups of a group G, and
let u,w,a,b be elements of G satisfying the following conditions:

(1) [a,b] =1
(2) (u,u®, Up) = (u,ub,Up) = (us, ub, Up)

(3) (w,w*, Wo) = (w,w®, Wo) = (w,w’, Wo)
(4) [u® w] = [u’,w] =1

(5) Uy and Wy are normalised by (a,b)

(6) [Uo,w] = [u, Wo] = 1.

Then [({u® | c € (a,b)}), ({w° | c € (a,b)})] = 1.

50



6.3. Presentation

Please refer to [Gur+08] for a proof of the last lemma. Now we have done all the
preparation. The next theorem gives a presentation of the subgroup H defined in

Lemma [R1]
Theorem 85 ([LGOB19], Section 4.2.1). The set

{v,7,A| R URyU R3}

is a presentation of a subgroup H < SU(3,q), where ¢ = p°® for a prime p, w € GF(¢?)
is a primitive element and wo = wit! € GF(q).
The relations in Ry are

(1) A~ =1

(2) a:= A" and b:= AY for x and y satisfying Lemma

(3) vP =1, if p is odd, and v?> = T, if p is even

(4) =1,
the relations in Ry are

(1) 7 =717% and, if p is odd, then 7 = T07°

(2) ife > 1, then 7#1(%) = 1, where puy is the minimal polynomial of wy™* over GF(p)

(3) if e = 1 or ged(z,q> — 1) > 1, then 72 = 7#2() where py is a polynomial of
degree at most e — 1 over GF(p) and wy ' = pa(wy ™).

We define W := (T><,,7T,A> as the normal closure of T in the subgroup H and then the
relations in Rg are

b

(1) v= Vo, for some wy € W and, if p is odd, then v = v°v*ws for some wy € W

(2) v 7] =01 =1
(3) [v,v?] = ws for some wg € W
(4) if pis even and e > 1, then [V™, %] = wy and [v>, V%] = ws for some wy, ws € W

(5) vH3(a) = g for some wg € W, where us is a minimal polynomial of w*4=2) over

GF(p)

(6) if p is odd and ged(z,q> — 1) > 1, then v™ = v Dy, for some wy € W, where
pa is the polynomial of degree at most 2e — 1 over GF(p) satisfying wi 2 =
pa(w™a=2)),
otherwise, if p is even, then VA = vHs(@)yAns(@) o for some wy € W, where s
and pg are polynomials of degree at most e — 1 over GF(p) satisfying w?1~* =
s (w(972)) 4 w72 g (w(072).
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6. Special Unitary Group SU(3,q)

Note that BP©@ for elements B and a and a polynomial p is defined as in Remark .

We can identify the generators in Theorem [R5 with the matrices in Theorem

Proof. Let G be the presented group and H the subgroup of Lemma We will prove
that G is isomorphic to H and define U := (v, 7) g as the normal subgroup of H that
contains all upper unitriangular matrices in H and W := (7) gy as the normal closure
of 7. We follow Proposition 18 and prove first that the map

p:GoHrt1v—=1v A A

is a well-defined surjective homomorphism.

Relations R; Relation (1) is satisfied, because GF(¢?)* has order ¢®> — 1. Relation

(2) actually defines new generators and the existence of numbers  and y is shown in
Lemma 83

For odd p we obtain with Lemma (71| that v(1,&)? = v(p, p§ — I%) = id, because
the characteristic of the field is p. If p is even, we have v? = /(2,26 — 1) = v(0,1) = 7.

For odd p, we have 77 = v(0,p() = id and for even p we obtain 77 = v(0,p) = id.
Thus relations (3) and (4) are satisfied.

Relations Ry We obtain with Lemma [83] that

770 = AT ATTYTAY

1 0 (wet) 1 0 Cw vt
=101 0 0 1 0
00 1 00 1
1 0 ((wolat)) 4 yylath))
=101 0 =T.
0 0 1

Similarly 7°7¢ = id, hence relation (1) holds.
If e > 1, then we define yy : GF(¢?) — GF(¢?),z — > i_jciaz’ as the minimal
polynomial of w;™® over GF(p). Then, with Remark we obtain

10 ¢>ip cw i@t 1 0 Cui(wg®)
N 0 ~lo1 o = id,
0 0 1 0 0 1

thus relations (2) holds.
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Let us : GF(¢?) — GF(¢?),r Zf;(} d;z’ be a polynomial over GF(q) such that
wyt = pa(wy ™). Then

10 ¢, dwilatD
@ = 0 1 0 =
0 0 1

Relations R3 The set W := (7) g is the set of all matrices M € SU(3, q) of the form

10 8
M = ( 01 0 ) for B € GF(¢?) with tr(8) = 0. This follows from Lemma |75
0 01

because we have 7% = 7. We also need Lemma [71] and v2" = p(w*(@=2) —@tl)¢),
which can be easily checked.
We know that

Vot = V(wz(qﬁ)’w*z(q*l)g) . V(wy(q*Q)’ w*y(qul)g)

= (w02 4 ywla=2) melatl) o mylatl) g e(a=2)tyala—2))

— I/(l, 1 — w(m"'yQ)(q_Q)) =v-u

for a matrix w; € W. Thus relation (1) holds.
We check that relation (2) is satisfied and obtain

7] = (") "' = (0, Qu(w T, W@ E)) T (W), W I (0, ()
= p(w™ 02 ¢ 4 a7 (a2 et e o) = id .

Similarly, we obtain [v°, 7] = id.
We have

v, = (V) tu®
= (w2, WV (1L,6) T p (L Or(w 17, w1 )
= p(w™ 02 41,0 e fog - a2 (] 4 @ 072) ¢ g mlatl)e @ (1-29))
= y(_wx(q—2) —1, _(wx(q—Q) + 1)t — w Bt e ¢ 4 wm(q—Z))
(1 + w072 ¢ 4 mrlarle _ ,2(1-20))
=v(0,7) e W

for some v € GF(¢?), thus relation (3) holds.
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Assuming that p is even and e > 1, we obtain

WA, 0] = (0) LAy
= (w727 W= @HD2e) (a2 =@ D)) =1L (a2) (@t D)y (a7 @tz ey
= p(w1727 4 072 y=latDze 4 mlatDe _ ) (a-2)z,(1-20))~1
(w02 4 a2z =g 4 ~latze _(a=2),,(1=20)z)

=v(0,7) e W

similarly to the calculation in relation (3). Analogously we have [v%, v2] € W and we
obtain that the relations in (4) hold for the matrices v, 7 and A.

Let us : GF(q) — GF(q),z — Zf;& iz’ be the minimal polynomial of w*(@=2) over
GF(p) (note that GF(p)[w®?=2] = GF(q) as stated in Lemma . We follows that
v = p(w*1=2) =2 @tD¢) and thus v* = v(w™@(@=2) =@ +D¢) . Then we obtain

e—1 e—1

phs(a) — H(Vai) 5 H V(wix(q—2)7w—ix(q+1)§)c}
i=0 i=0
e—1 <9 -
=TT v(Gw=@=2 guiwlarDe — %wix(q—%(q—kl))
=0

= v(p(w™ ), y) e W

for some v € GF(¢?) and relation (5) holds.
Let p be odd, ged(x,q? — 1) > 1 and py : GF(¢?) — GF(¢?),r — 222261 cirt a
polynomial over GF(p) such that s (w*?~2)) = w92, Then

e—1
) =TT = " 02),7)

i=1

= u(wi?,7) = 2wy
similarly to relation (5) for some w7 € W,y € GF(¢?), since v = v(w?2,w™971¢).

If p is even, then we define u5 : GF(¢?) — GF(¢?) and pg : GF(¢?) — GF(¢?) as poly-

nomials over GF (p) with degree at most e—1 such that ps(w*(4=2) w2 pe(w*(12)) =
w??=*, Thus we obtain again

pH(@ 8600 = 1 (15 (w™T2), 41 )1 (pg (w172 )wT 2, )
= v(ps (WD) 4 s (WD) q3) = v(W T y3)

2
ZZ/A wr

for some v1,72,73 € GF(¢?) and w; € W, since VA = v(w?=4 w=2472¢). Thus the
relations in (6) hold.
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We have shown now that the relations R U RsU R3 hold for the matrices v, 7, A € H
and thus the epimorphism ¢ is well-defined. Now we want to show that this epimor-
phism is already an isomorphism and prove this by considering the order of the gen-
erated group G. Lemma [81]states that H has order ¢3(¢> — 1), hence we need to show
that the order of the presented group G equals that of H.

We define U := {(v,7)° | ¢ € (a,b)} and W := (1), such that U and W are normal
subgroups of G, and define Z := UW /W. With relations Rs(1) and R3(2) we obtain
that

vl =v it lur =v7?
thus W = (¢ | ¢ € (A)). Applying Lemma with Up = Wy = (1), u = w = 7 and
a =A% b= AY, we obtain that

vl =1,

[(7° ] c € (a, b)), (%[ c € (a,b))] = 1.

If ged(z,q? — 1) = 1, then we have A € (a). Otherwise it follows from relation Ra(3)
that 72 € (7¢ | ¢ € (a,b)) and thus (7¢| ¢ € (a,b)) = W is abelian.

We set u=w =v, a =A% b= AY, Uy = Wy = W and check the conditions for
Lemma We have [A% AY] = 1, (v,v® W) = (1, )’ W) = (1% v°, W) and W is
normalized by (a,b), since W is normalized by A. The relation [1%,v] = /¥, 1] =1 is
implied by relation R3(3). We have shown that v and 7 commute and thus [W,v] = 1
and the conditions are satisfied. It follows that

[(v° [ e e(ab), (v [ce(ab)] =1

If ged(z,q? — 1) = 1, then we already know that A € (a) and [(+° | c € (A)), (v | c €
(A))] = 1. Otherwise it follows from relation R3(6) that v® = v#4(@w; for some
element w7y € W and a polynomial p4(a).

It follows that Z is abelian and that we can write Z = (v° | ¢ € (a))W /W (note
that ¢ € (a,b) implies that ¢ € (a) is implied by relation R3(1)). The elements v and
7 have order p and thus the order of every element in Z is a power of p. Hence Z is
also elementary abelian.

We apply Lemma [83| again with v = 7, w = v, Uy = (1) and Wy = W and obtain

[(7° ] c € (a,b)), (v [ c € (a,b))] =1,

thus Wﬁlff

Odd Characteristic p Relation R3(6) states that 12 = vH4(@) - for an element wy €
W and p4 a polynomial of degree at most 2e — 1, if ged(z,¢? — 1) > 1. Otherwise
we already know from Lemma [83] that there exists a polynomial of degree smaller or
equal to 2e — 1 such that the same relation holds. Hence every element z € Z can be
written as a product

~ ~ a2€71

2= a@oW = aW = ()0 )i .. (¥ ey,
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6. Special Unitary Group SU(3,q)

where ¢; € N. Since v has order p, we can deduce that there are p?¢ = ¢° elements in Z.
Similarly we can follow from relation Ry(2) and Ry(3) that 1 has order p® = g. Hence
it is Z = U/W, where W < Z. And thus |Z| = |U|/|W| & ¢*> = |U|/q < |U| = ¢*.
Since U = (v, 7)g, we obtain |(v,7)g| = ¢°.

Even characteristic p The minimal polynomial of w*(¢=2) has order e, since
CF(p)[w®9=2)] = GF(q) (see Lemma, hence we can use relation R3(5) in a similar
way as above and obtain that Z has order ¢. Setting u = v,w = 2 and Uy = Wy = W
we can deduce with Lemma that Z and Z® commute. It also holds that (z125")2 €
Z @ Z» for any 21,20 € Z because of relation R3(6). Consequently A normalises
Z @ Z®. We apply Lemma [84] again with v = 7,w = v, Uy = (1) and Wy = W and
obtain
({7 cela,)}), {r"[cela,bh]=1.

Hence (v, )¢ normalizes W.

We obtain that Z ® Z2 = (v, 7)q/W, |Z ® Z*| = ¢, |W| = q and hence | (v, T)q| =

¢

Relation Ry (1) defines the order of (A) as ¢2—1 and U <G. Let 2 € UN(A). Then
we have z € U, thus 2" =1 for some d € N. But p t¢*> — 1, thus d = 0 and then z is
already 1. Tt follows that U x (A) = G and |G| = |U||A| = ¢3(¢® — 1).

We have shown that the presented group G has the same order as the subgroup H
defined in Lemma [81| and knowing that ¢ is an epimorphism, we obtain that ¢ is an
isomorphism and the presented group G is isomorphic to the subgroup H. Hence the
correctness of the presentation is proven. O

6.3.2. Additional Relations for the Presentation of SU(3, ¢)

After having proven a presentation of the subgroup H, we want to extend this presen-
tation in the remainder of this chapter to obtain a presentation for the whole group
SU(3,q). The proof of the extension follows [LGOB19|, Section 4.2.2, which itself
follows [HS11].

We start by defining relations called P(u) of the form u* = updAupg, where ur, ug €
U and d € D depend on the upper unitriangular matrix u € U. Note that U is the
subgroup of upper unitriangular matrices in SU(3, q).

A

Lemma 86. Let v(a,5) = u € U be an upper unitriangular matriz in SU(3,q).
Then the matrices uy, = v(—a,79,871) € U, ug :== v(—aB 1,871 € U and d :=
diag(8~9, 8971, B) € (A) =: D fulfil the relation u” = urdAugp.

Proof. This can be easily verified by multiplying the matrices. O

Next we define a group G via a presentation on four elements. We can deduce
by observing the relations that the subgroup H is isomorphic to a subgroup of the
presented group G.
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Definition 87 (Presentation of SU(3, q), [LGOB19], page 14, and [HS11]). Let g = p°
be a prime power and P(u) the relation u = updAug for u,ur,ur € U and d € D
as in Lemma[86. Then we define the group

G = <V’ T’A’A | R(l)’R(2)7AA = A_q,AQ = 1>7
where R(1) are the relations defined in Theorem and R(2) C {P(u) | u e U}.

Definition 88. Let R(2) C {P(u) | u € U} be a set of relations as in Lemma [86
Then we define V- C U as the mazximum set such that every relation P(u) for u € V
is implied by the relations in R(2).

The next threorem states that the group G defined in Definition [87] is isomorphic
to the special unitary group SU(3, q) if certain conditions hold. More precisely G =2
SU(3, q) if every relation P(u) is implied from R(2) for any u € SU(3, q).

Theorem 89. We assume that G is the presented group of Definition[87 and V C U
as in Definition[88. If V = U\{1}, then G is isomorphic to SU(3,q).

Proof. Let H < G be the group presented in Theorem , U= (v, ) i D := (A) and
L= {A} subgroups of the group G. Additionally, let U, D and L be the equivalents
in the matrix group SU(3, q) (see Lemma [86 and L := {A}).

If V.= U\{1}, then a relation u? = updAug is  implied by R(2) for every u € U\{1}.
Thus UDLU = UDLU, since U = U and D = D. The set HU UDLU is a subgroup
of G since id € H and it is closed under multiplication: Let a,b € H, then ab € H. Let
a= uf,b = uf € UDLU, then ab = (u5u6)A € HUUDLU. Let a = u{' € UDLU and
b 6 H, then there exist ug, us € U,d € D such that b = ugdug = (ugdAid)(idid Aug) =

for some uy € U and hence ab = (u1u4) c HUUDLU.

Furthermore all generators v, 7, A, A are in H U U DLU, and thus we obtain G =
HUUDLU ~ HUUDLU = SU(3,q) with Lemma O

With the last theorem we have given a presentation of the special unitary group
SU(3, q) and have proven its correctness. Since the obtained presentation is not yet
short (as defined in Section [2.2)), we show that only a limited number of relations P(u)
is needed.

A few properties of the set V and elements in GF(¢?) are stated in the subsequent
lemmata.

Lemma 90. The set V, as defined in Definition [88, is closed under conjugation by
A. Ifu,v €V and ur and vy, as in Lemma[86, then uwv € V if and only if ugvy € V.

Proof. Let u € V, then there is a relation u4 = urdAug in R(2). Tt follows with
A4 = A~9 and since U is closed under conjugation with A that

(WP = (A" = Ay dAug A= = i A™TdAN R = i, ATdAAN T Auig.
€D

Thus u® € V.
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6. Special Unitary Group SU(3,q)

Let u,v € V with u? = urdAug and v4 = v d Avg for a number k € N. Then
(ugvr)? = updAug if and only if

(uv)A = uv? = (uLdAuR)(vLA Avg) = urdA(Augvp A)d Avg = uLdAvR
since A4 € (A). O

Lemma 91. Let 8,7 € GF(¢?) with tr(B),tr(n) # 0. There exists an element v €
GF(¢?)* with tr(y) =0 and B+ v € GF(q)*n

Proof. We define t := tr(B8)tr(n)~! and set v := tn — 8. Then we have tr(y
ttr(n) — tr(8) = 0, since tr is GF(g)-linear. Furthermore ¢t = tr(5)?tr(n)"? = (
BNI(n+n1)~9 = tr(B) tr(n)~! = ¢, thus t € GF(¢)* and 8+ v = tn € GF(q)*n.

Lemma 92. Let B € GF(¢?)* \ GF(q) and a € GF(¢?) such that v(«a, ) € SU(3,q).
If ¢ = 2 mod 3, then the cardinality of

):
B+
O

{v( B)¥ | i €N}
is (g +1)/3, and ¢*> — 1 otherwise.

Proof. We have v(a, )2 = v(aw' 92, fw=H4+1), The cardinality of the defined set
is equal to the smallest natural number k& € N such that k(¢ — 2) = —k(¢ + 1) mod
¢®>—1. Let ¢ =2 mod 3. Then ¢ —2,¢+1 = 0 mod 3 and thus 3|ged(q — 2, ¢+ 1) and,
since 3|¢? — 1, the cardinality of the set is (¢ — 1)/3. On the other hand we assume
that ¢ # 2 mod 3. Then ged(q — 2,q+ 1) =1, thus k = ¢* — 1. O

The following two theorems show that we can reduce the number of relations in
R(2) to 3 relations, if ¢ # 2 mod 3, and 7 relations, otherwise.

Theorem 93 (Presentation of SU(3, ¢), [LGOB19|, page 14). Suppose that ¢ # 2 mod
3. Let By = wC. Pick ag € GF(¢?) such that oqurl = —tr(fBy). By Lemma there
exists o with tr(yo) = 0 and By + v € GF(q)* *1<.

Let vy = v(a, Po), 70 = v(0,70) and U= {vo, 10,0710} If R(2) = {P(u) | u € U},
then G is isomorphic to SU(3,q).

Proof. Again we define V' as in Definition |88 and know that if V' = U \ {1}, then the
result follows. We define

Ui :={v(e,8) | B € GF(q)*w ™ *¢,a®™ = tr(8)} C U
for i € {0,...,q}. Then the U; are disjoint and it follows that
v(a, ) = viaw?™?, fu™ @) (6.5)

and for B € GF(q)*w™%C we obtain that fw=(?*) e GF(¢)*w ¢, since w @+ ¢
GF(q)*. Thus each U; is normalised by (A).

There are ¢ — 1 elements in Uy (since tr(5) = atr(¢) = 0 for € GF(¢)*(, a €
GF(¢)* and thus a = 0) and ¢*> — 1 elements in every U; for i € {1,---,q} (see
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Lemma and since the sets are disjoint, we have | U{_, U;| = |U \ {1}|. Hence the
sets U; form a partition on U \ {1}. '

Let 7 := 0. We can deduce from Equation that the order of {78 | i € N} is
q — 1. Since tr(yo) = 0, we obtain that 7y € Up. Knowing that Uy and V are closed
under conjugation (see Lemma it follows that {78 | i € N} C Up. Since both sets
have the same order, they are already equal. Thus Uy C V.

Now we assume ¢ := 1. We obtain

{(m)® |ie N} =¢* -1

with Lemma |92 and since vy79 = v(ao, fo + Y0) and By + 0 € GF(q)Xw_IC, we have
Voo € Uy. Similarly to the first case we can follow that {(1979)2" | i € N} C U; and,
for reasons of cardinality, both sets are equal.

Now let i € {1,...,q — 1} and assume that U; C V. We set n := w™%( and, since
tr(n) # 0 # tr(fo), we can apply Lemma We obtain that there exists an element
v € GF(¢?)* such that By + v € GF(q)*w™¢ and tr(y) = 0.

By Lemma [11] it follows that there exist ¢ — 1 elements v € GF(¢?)* such that
tr(y) = 0. Since |Up| = ¢ — 1 we have v(0,v) € Up C V. Further we obtain that
v € GF(g)*¢.

Lemma [90| states that vor(0,v) € V if and only if (19)rv(0,7)r € V (see also
Lemma Hence we can derive that (v9)rv(0,7)r = V(—aoﬁ()_l,ﬁgl)u(o,y*l) =
v(—aofy By +yTh) eV

Furthermore Bo¢ € GF(g)*w( and thus By +v~" = (Bo+7)(Boy) ! € GF(g)*w=(+1¢.
Then V(—aoﬁo_l,ﬂo_l +~71) € Uiy 1 and since A normalises U; ;1 and

{v(—aofy L, Byt +4 )2 |ie N} =¢* — 1

(see Lemm, it follows that U;y+1 € V.
Consequently V' = U \ {1} and the result follows. O

Corollary 94 ([LGOB1Y|, page 15). Suppose that ¢ = 2 mod 3. Let y = w(. For
0 <i <2 pick a; € W(GF(¢*)*)? such that agH = —tr(Bo). By Lemma there
exists vo € GF(¢?)* with tr(yo) and By + o € GF(g)*w™I¢.

Let v = v(ag, Bo)y70 = v(0,7) and U = {v;,10,vim0 | 0 < i < 2}. If R(2) =
{P(u) | u €U}, then G is isomorphic to SU(3,q).

Proof. Let oy € GF(g?) such that v(ap, o) € SU(3,q). Then we obtain that v(a1, Bo)
and v(ag, Bp) are matrices in SU(3,q) for a1 := aw?™ ! and ay := aw?@=1 " Since
¢—1=1mod 3, w? ! is not a cube in GF(¢?)* and the q; lie in different cosets of
(GF(¢?)*)3 in GF(¢?)*. Possibly after swapping the indices, we obtain the «; of this
theorem.

We define the U; for i € {0, ..., ¢} as in Theorem[03] Now it follows with Lemma[92]
that the action of A on the U; divides the set into three orbits for ¢ > 0. For two
matrices v(a, ), v(7,0) € U; those matrices are in one orbit if and only if o and ~ are
in the same coset of (GF(q?)*)3.

Now we follow the proof of Theorem (93| and obtain the result. O
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6. Special Unitary Group SU(3,q)

We have obtained short presentations for the special unitary group SU(3,q). For
completeness, we cite the presentations for the remaining special cases.

Theorem 95 ([LGOB19|, page 15). A presentation for SU(3,3) is given by

{v,m,AVA| 3 =1, A2 =1, A A WAz~ =1 A A S tA%Y = 1,
TAAT(1A)? =1, Ar W AAT lvAAvT 1A = 1},

Theorem 96 ([LGOB19|, page 15). A presentation for SU(3,5) is given by

{v,7,A,A| V5 =1, AT2A Yy =1, A2VPA 207 =1, APAAA =1, A" 'WAv 2 AvAA =1,

AvAT T IAVTIAT Y = 1 v AT T T AAT P AAV T AN T T = 1),
Theorem 97 ([LGOB19|, page 15). A presentation for SU(3,2) is given by
{v,V,AJAa:= [, A, b:=a%*,a’ =b"', b = aA, a’ = aba,
b = abA, v =1/ = [1,/], A =12a%b}.

Theorem 98 (|[LGOB19|, page 16). Assume that a presentation for SU(3,q) is given.
Then a presentation for PSU(3,q) is obtained by adding the relation AT

Proof. We have shown in Lemma [66| that the centre of SU(3,¢q) contains all matrices
of the form al3 with a € GF(¢?) and a® = 1. Thus |Z(SU(3,q))| = |[{a € GF(¢?) | a® =
1} = ged(q + 1, 3) and the result follows. O
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The presentations given in the previous chapters are implemented in GAP and the
code and documentation can be found in |[Ahr|. For each presentation there exists a
function that takes a varying number of matrices My, ..., M} (or other elements that
may be multiplied and inverted) and a natural number d € N as arguments. The
number d specifies the field over which the matrices are defined or the degree of the
group. The function checks whether the matrices satisfy the relations of the particular
presentation and returns true if the group (M, ..., My) is isomorphic to the presented
group and false otherwise.

As an example, we look at the signature of the function for the presentation of the
group SU(3,q) with ¢ # 2,3,5. It is of the form

Bool : IsSU3( v, tau, delta, t, field ).

The function IsSU3 checks whether v, tau, delta and t generate a group that is
isomorphic to SU(3, q) where g equals field.

For the implementation of the presentations it is crucial to consider that the given
matrices My, ..., My are possibly of large dimension. If the matrix dimensions are
large, then a single matrix multiplication might already be a very expensive computa-
tion. Additionally, we need to keep in mind that memory space is limited. These two
limitations sometimes oppose each other. I analyse this conflict in the next sections.

7.1. Runtime Optimisation

There are two different approaches for optimising the runtime of the code. The first
approach is to look at the problem from the mathematical side and try to reduce
the length of the presentations (see Section [2.2). We have done this in the previous
chapters successfully by obtaining short presentations.

The second approach is to analyse the problem from a computational viewpoint. 1
give an example for efficient computational optimisation in this section.

7.1.1. Square-and-Multiply Algorithm

The Square-and-Multiply Algorithm is a way to efficiently calculate powers of an
arbitrary element a. The naive way to obtain a would be to compute

a=a-a---qa

n times
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for n € N. Thus we need n — 1 multiplications to calculate a™ and the program has
linear runtime. In our case, the element a is a - possibly huge - matrix and thus linear
runtime is not acceptable.

Another way to compute a™ is by looking at the binary representation of n. Let
n = (bg...bp)2. Then we obtain a” = a®* - - a2". Since b; € {0,1}, we can calculate
squares of a iteratively (a,a?,a*,a®,...) and multiply them together to obtain a™.

See the code for the exact procedure of the algorithm.

# Calculates a"n in an efficient way by using square and multiply.
SquareAndMultiply := function( a, n )
local exponents, current, result, i;

# Calculates the binary representation of n and stores it in a list.

exponents := CoefficientsQadic( n, 2 );
current := a;
result := a”0;

# Calculates powers 27i of a by calculating squares of a iteratively.
# Multiplies the result by a~(27i) if exponents[i] = 1.

for i in [ 1 .. Length( exponents ) ] do
if ( exponents[i] = 1 ) then
result := result * current;
fi;

# Set current = a”~(i+1)
current := current”2;
od;

return result;
end;

The runtime of the Square-and-Multiply Algorithm is logarithmic since we need at
most 2logy(n) multiplications to compute a™ for any element a. Refer to books like
[0tt12] for background knowledge about measuring the runtime of an algorithm.

I have applied the idea of this algorithm several times to improve the efficiency of my
code, e.g. for the presentation of the symmetric group. Relations of the presentation
are V™ and (UUY")? for 2 < j < n/2, see Theorem In my code, I compute
which powers V7 I have to remember in order to calculate V¢ as a product of those
powers. Then, I obtain V7 by multiplying V/=! -V (since I need to obtain every V7
for 2 < j < n/2) and multiply them directly to obtain V<.

# First we calcate which values v~ j should be remembered for the
# calculation of v~d.
powersToRemember := CoefficientsQadic( d, 2 );
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for i in [ 1 .. Length( powersToRemember ) ] do
if powersToRemember[i] <> O then
powersToRemember[i] := 27(i-1);
fi;
od;

# Now we calculate v~j and remember it if necessary.
remember [1] := v;
remember[2] := e; # This is the neutral element of multiplication.

for i in [ 2 .. (d - (d mod 2))/2 ] do
remember [1] := remember[1] * v;
if ( i in powersToRemember ) then
remember [2] := remember[2] * remember[1];
fi;
if ( ( u * u"(remember[1]) )"2 <> e ) then

fi;
od;

7.2. Memory Consumption

In many of the obtained presentations specific generator products are used multiple
times in various relations, for instance at the relations of the presentation of SU(3,5)
in Theorem . For example, the matrices A%, 12, v~ 1,771 and A™! are frequently
used and recomputation is expensive. But storing every reusable matrix is likely to
cause memory problems.

Hence, it is important to consider in advance whether to store a matrix product or
recompute it later.

Here again, there exists a way to optimise the storage usage. Assume a presentation
that contains the relations y~'2% = 1, 2*y~'2 = 1, 22yz = 1 and yz? = 1. Note that I
randomly chose these relations. It makes sense to verify the relations in such an order
that the memory usage is minimised. See Figure[7.2|for a possible order of verification.
The left-most column indicates the steps of the program, the right-most column states
the relation that is being verified in this particular step and the columns in between
illustrate the memory allocation.

After sorting the relations to obtain an optimal order, the function with the largest
memory consumption needed to save a maximum of 12 matrices at the same time.

The computation time was not affected by those changes. The memory consumption
of the functions for the presentations of SU(3, q), PSU(3,q) and SL(2, q) are listed in

Figure [7.2) and Figure [7.2] examplarily.
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Time | Slot 1 Slot 2 Slot 3 Slot 4 | Relation
0 x Y z
1 2 Y z 22yz =1
2 z? Y z y b a2ty lz=1
3 22 Y z y~! yz? =1
4 3 y~! y 123 =1

Figure 7.1.: Examplary program flow and its memory allocation. The column Time
denotes the steps of the program, the columns Slot x contain the current
allocation of the memory space and the column Relation denotes which

relation is checked.

Group

Memory (Number Of Matrices)

SU(3,q)
PSU(3,q)
SU(3,2)
SU(3, 3)
SU(3,5)

Figure 7.2.: Memory consumption of the different presentations of SU(3,¢q) and
PSU(3, ¢). The number indicates the maximum number of matrices stored

simultaneously.

Presentation for

Memory (Number of Matrices)

q=p° poddand e > 1
qg=p°% podd and e > 1 and ¢ = 3 mod 4
p an odd prime and p =1 mod 3
p an odd prime and p # 1 mod 3

q=2°
q=2

9

N WO WG

Figure 7.3.: Memory consumption of the different presentations of SL(2, ¢). The num-
ber indicates the maximum number of matrices stored simultaneously.
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This thesis has obtained short presentations for the symmetric group, the group of
signed permutation matrices of determinant 1, the special linear group of degree 2,
the special unitary group of degree 3 and related groups. The implementation of those
presentations shows that only a limited number of matrix multiplications and memory
space is needed. Hence, we have obtained a way to verify group isomorphisms for
the analysed groups with an acceptable computational effort, and we can apply the
implementations in the matrix group recognition project.

In future work it would be interesting to obtain and implement short presentations
for the other finite classical and related groups (see [LGOB19]) to extend the number
of groups for which we can test for isomorphy.
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A. Original Presentations of SL(2,q)

In this chapter we list a generating set and presentations for SL(2,q) and PSL(2, q)
that are obtained from |[CRW90] and [CR&0].

The following theorem lists four matrices that generate the special linear group of
degree 2. The subsequent theorems give different presentations on the generating set
in Theorem (99| for special cases of SL(2, q) and PSL(2, q). Please refer to [CRW90| or
|CR80| for proofs of the correctness of those presentations.

Theorem 99 (|[CRW90|, Chapter 2). Let w € GF(q) be a primitive element and

(0 -1 (11 (1w w owt
w = 1 _1 ,x.— 0 1 ,y.— 0 1 ,Z.— O w_l .

Then w, x,y,z € SL(n, q) and those matrices generate SL(n, q).

Proof. We will show that every matrix in Theorem [53|can be generated by the matrices
w,z,y and z by following [LGOB19], Chapter 3. We have 7 = = and

1 1
. [ w —w 1 1\ (0 -1 1 1Y\
z x—( 0 " ><O 1>—5.Alsowa:—<1 1 01 = U. Thus

<T7 (57 U> g <w7 x,Y, Z>'
On the other hand w, x,y, z € SL(2, ¢) and thus the generated group is isomorphic
to SL(2, q). O

Theorem 100 (Presentation of PSL(2,q), [CRW90|, Theorem 2.2). We assume the
requirements listed in Remark . Then PSL(2, q) has the presentation

2 2

{w, z,y,2 | w? = (wa)? = (w2)? = (wyz)® = a” =y = 2D = [2,5] = [y, 53]
gl gtnlt) — g0 _ ) 1)

where s9; := z'xz"" and S9i41 1= Ziyz~" for 1 € N,

Theorem 101 (Presentation of PSL(2,¢) for ¢ = 3 mod 4, [CRW90], Theorem 2.4).
We assume the requirements defined in Remark and ¢ = 3 mod 4. Then PSL(2, q)
may be presented by

{w, o,z | w? = (we)? = (wz)? = "V = [z, 2227 =1,
a—1 k _|E 1)k — _1)k+1
27 =aP, zlalpala) = g (DM 10T
where | := qz—l and s9; := Z'xz7" and sgiq 1 = Zyz 7t
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Theorem 102 (Presentation of SL(2,2¢), [CRW90], Theorem 3.2). We assume the
requirements as defined in Remark[5 with the exception that p is now equal to 2. Then
SL(2,2°) has the presentation

{w, 2,z | w? = (we)? = (wz)? = 2771 = 2% = *O = 57 = 1},
Observe that the s; for the relation s#®) = 1 are not defined. Thus s#(t) =
Hsz(T‘Sk)di for the minimal polynomial p : GF(q) — GF(q),z — E?:o a;x’ over
GF(p).

Theorem 103 (Presentation of SL(2, p), [CR80|, Chapter 3). We assume the require-
ments defined in Remark([5/ and define | := |p/3|. Then SL(2,p) has the presentation

o,y 122 = (@)®, (oylay® 2Py = 1},
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